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Recently, Guibas et al. 10 studied deformable necklaces { exible chains of balls, cal led
beads, in which only adjacent balls can intersect. In this pa per, we investigate the prob-
lem of covering a necklace by cylinders. We consider several problems under di erent
optimization criteria. We show that optimal cylindrical co  ver of a necklace with n beads
in R3 by k cylinders can be computed in polynomial time. We also study a  bounding
volume hierarchy based on cylinders.

Keywords : Bounding Volume Hierarchy; Collision Detection; Smalles t Enclosing Cylin-
der.

1. Introduction

Our study is motivated by the representation and manipulation of molecular
con gurations, modeled by a collection of spheres. The repgsentation of three-
dimensional geometric structure of a molecule with spheresvhere each atom is
viewed as a rigid sphere is a common approach. The sizes of sgks depend on
the atom types. There are recommended values for the radiusfeach atom sphere
which is called van der Waals radius. The distance between th centers of every
pair of spheres is also known. In this model, the spheres of ams in a chemical
bond interpenetrate. The fused spheres have been studied ikomputational geome-
try. Halperin and Overmars ! proved useful properties of the spherical model. For
example, the combinatorial complexity of the boundary of a nolecule is linear.
Recently Guibas et al.? studied the spherical model under motion. They call
the spherical model anecklaceand the spheresbeadsand we follow the same termi-
nology. Deforming necklaces and e cient algorithms for this problem are needed in
many computational elds including computer graphics, computer vision, robotics,
geographic information systems, spatial databases, moletar biology, and scienti ¢
computing. There is a literature on using spheres in engingéng modeling °. Com-
putational problems involving motion can be stated in the Kinetic Data Structure
Framework (KDS for short) 2. A motion of necklaces models (i) the Brownian mo-
tion of molecules where necklaces move as rigid bodies, ani) (nolecular dynamics
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where necklaces only undergo local changes. Applied to defaing necklaces an ef-
cient KDS can be designed using bounding volume hierarchis. Guibas et al.°

focused on a simple variant of hierarchy that uses spheres.fey analyzed two ways
of de ning the spheres in the hierarchy. A spherical hierarchy of a necklace is de-
ned to be a balanced tree whose leaves correspond to the beadTo each internal

node there is an assigneatagethat is a bounding sphere. Awrapped hierarchyis

a spherical hierarchy of a necklace where the cage correspding to each internal

node is the minimum enclosing sphere of the beads in the can@al sub-necklace
associated with that node. Another hierarchy called alayered hierarchy is de ned

by making the cage of an internal node to be the minimum enclasg sphere of the
cages of its two children?®.

S

Fig. 1. Sy is the wrapped sphere of 7 points and S; is the layered sphere constructed for the
spheresS; and S;.

The wrapped hierarchy is slightly more di cult to compute th an the layered
hierarchy although it is a tighter tting, see Fig. 1 for an ex ample and® for detailed
comparison of two hierarchies. The idea of using cylindersames from this example.
The spheresS; and S, can be covered by a cylinder of a volume smaller than the
volume of S;. The use of cylinders for molecular representation is not a ew idea.
The cylinders are widely used in software packages visualizg proteins. Structural
components of proteins { helixes { are depicted by cylinders For example, the
human deoxyhaemoglobin 4HHB is a protein with high concentation of helices;
it contains 32 helices. The helix structure is shown on Fig. 2 Packing helices into
cylinders and related problems can be found in'S.

We intend to represent a molecule using cylinders. Problemsf covering spheres
in R® by cylinders are computationally di cult. Recently, Zhu 2 considered the
problem of covering points by cylinders. The problem is NP-fard even for points
(spheres of radius 0). In this paper we address the followingroblem.

Necklace packing into cylinders . Let N be a necklace consist-



(i) the sum of volumes of the cylinders, or (ii) the maximum radius
of a cylinder, or (iii) the maximum volume of a cylinder, etc.

We show that, for reasonable functionsF, the problem of necklace packing can
be solved in polynomial time. The algorithm exploits the seaqience property of
necklaces and is in contrast to NP-hardness result of packip a set of distributed
points 18

We use the necklace packing to generate a cylindrical hierahy. As in the spher-
ical hierarchy 10, there are two options here: wrapped and layered hierarchyWe
de ne a cylinder cage to be thesmallest enclosing cylinderof underlying cylinders
where a cylinder is measured using the functior ().

We also mention that the smallest radius cylinders nd applications in the pro-
jective clustering %12,

2. Smallest Enclosing Cylinder

Given a necklaceN , we want to nd the smallest cylinder containing all the spheres
of N . Unfortunately, it seems that the property of spheres of beng in the necklace
does not help in computing the smallest enclosing cylinderThere are several results
on computing a cylinder with the smallest radius ¥#17. Agarwal et al.! gave a
O(n®* ) time algorithm for any > 0. Schemeret al.'” found a O(n" ?log" 1)
time algorithm that computes (1 + ")-approximation of the smallest radius for any
"> 0. Chan* improved the running time to O(n=") using convex programming.
Zhu 18 obtained a practical algorithm with running time O(nlogn + n="%). We



give a practical algorithm that computes (1 + ")-approximation of the smallest
cylinder under various objective functionsF (). We denote i-th bead in the necklace
by Bi(oi;ri) where g is the center of B; and r; is its radius. The coordinates of a

point p 2 R® are denoted by &(p); y(p); z(p)) or (Px; Py; Pz)-
Algorithm 1
Step 1. Compute
B=[c ago+ad [ aig+al [ a;5c+al
the bounding box of the spheres in the necklac®&l . For example,

Cx ay = 1miinnfx(oi) rig:

Step 2.Let r = max(ax;ay;a;) and let
D=[cc nrcx+r] [ rey+r] [c, rncy+rl

Step 3.Generate a grid of sizeN N on each face of the cubéd. Let G be the
set of all grid points.

Step 4. For each line p1p, de ned by two grid points p;;p2 2 G, nd the small-
est cylinder C with the centerline pip, that contains all the beads of the
necklace. ComputeF (C).

Step 5. Compute the smallest value ofF (C) obtained in Step 4.

Theorem 1. Let F(C) be one of the following functions:(1) the radius of the
cylinder C, or (2) the volume of the cylinderC. Algorithm 1 computes (1 + ")-
approximation of the smallest enclosing cylinder inO(n="2?) time using N =
d1=(2")e for both cases.

Proof. Let C be the optimal cylinder and let | be its centerline and letr be its
radius. The line | intersects the box B; otherwisel can be separated fromB by
a plane which means thatC is not optimal. The line | intersects the boundary of
B by two points, say ¢y and . Let p;;i = 1;2 be the grid point closest tog and
let C be the cylinder computed for the line p;p2. The angle between the lines
| and pyp2 is bounded by arcsin(’). Therefore the radius of the cylinder C di ers

from r by no more than". This implies the bound for the rst case.

Consider the second case where the volume is minimized. L&t be the height
of the cylinder C . The height of C is no longer thanh cos = h (1+ O("2)). The
volume of C is at most (1 + O("))V whereV is the volume of C . The theorem
follows. |

Remark . Algorithm 1 is practical. We implemented it to analyze the perfor-
mance of a cylindrical hierarchy built on the top of Algorith m 1. A faster but more
complicated algorithm (still simpler but asymptotically s lower than the algorithms



by Chan #) can be obtained by checkingO(1=") directions and, for each direc-
tion, nding the minimum enclosing circle of the points proj ected onto the plane
orthogonal to the direction.

The exact algorithm by Agarwal et al.* can be applied to the minimization of
the radius. What if one want to minimize the volume of a cylinder?

Theorem 2. The smallest volume cylinder enclosing a necklace of beads can be
computed in O(n®) time.

Proof. The volume of a cylinder C of radius r and height h is vol(C) = r 2h.

Let C be the smallest volume cylinder enclosing a necklachl . We assume that
the beads ofN are in general position, i.e. there is ho unbounded cylindewhose
surface touches more than four beads. The surface € has three components: two
disksD; and D, and the cylindrical surface S that can be rolled out as a rectangle.
Note that each disk D; and D, touches a bead since&C has the smallest volume.
The cylinder C has a property that either

(i) the surface S touches four beads, or

(i) the surface S touches only three beads.

In the rst case the centerline of C is determined by four touching beads and
two disks D; and D, are tangent to two extreme beads in the direction of the
centerline. There areO(n*) possible ways to choose these beads. Each combination
of beads generatéD(1) centerlines of a cylinder touching them simultaneously We
compute each of these lines and nd two corresponding disk® ; and D,. This gives
us the volume of the cylinder. We check in linear time if the cyinder contains all
the beads ofN . Thus, the rst case can be processed irO(n®) time.

In the second case the location of the cylinder in the space idetermined by ve
beads: three bead®8;;B,; B3 touching S and two beadsB4; Bs touching the disks
D; and D,. Note that beads B1; B, and B3 are distinct but two sets fB;;B2;B3sg
and f B4; Bsg can intersect. There areO(n®) choices to select the beads. Each tuple
generatesO(1) cylinders minimizing the volume. Each cylinder can be checked if it
contains all the beads ofN . The running time in the second case i<O(n°®). O

Next, we describe a more complicated algorithm with better aymptotic runtime.

Theorem 3. Using advanced technigues the smallest volume cylinder dosing a
necklace ofn beads can be computed i®(n°* ) time where > 0is arbitrary small
constant.

Proof. We apply the parametric search technique of Megiddd“. We consider the
following decision problem.

Decision Problem . Given a necklaceN and a parameterV, de-
cide if there is a cylinder of volumeV that contains all the beads
of N.



Let L be a line in R® and let C be the smallest cylinder with the centerline L
containing the necklace. Let (1; 2;1) be thedirection of L, i.e. the line L is parallel
to the line L( 1; 2) passing through the origin O(0; 0; 0) and the point ( 1; 2;1).
Consider ani-th bead B;. To simplify notation, let o; = (X;;Vi;z). There are two
planes, denoted by ; and [, orthogonal to the direction ( 1; 2;1) and tangent
to the bead B;. Their equations can be written as 1x + ,y+z = h; ( 1; 2) and

1X+ 2y+z=h(1; 2).

The values ofh; ( 1; 2) and h{ ( 1; 2) can be computed as follows. Leto? be
the projection of the point o to the line L( 1; 2), see Fig. 3. Then the coordinates
of o satisfy x(6®) = i 1;y(d®) = ; 2 andz(d®) = ; for some real number ;. The
segmento; o° is orthogonal to the segmentOd’. Thus

i1(i1 x)+ 2002 y)+ (i z)=0

i(f+ 2+1)= axi+ 2y + 2z 1)

Let = 2+ 2+1.Clearlyy, > O0.The planes ;" and , intersect the line

L( 1; 2) atthe points H" (7 1; { 2; [)and H; (; 1; ; 2; ; ), respectively,
where 7 = j+r= and ; = ;| ri=, see Fig. 3. The values oh; ( 1; 2) and

h{ ( 1; 2) can be obtained by substituting the points H, and H;" in the equations

of the planes ; and |
hi (13 2)= axi+ 2yi+tz 1

hi(1; 2)= 1Xi+ 2+ 2z + i

Fig. 3. The points H, and H.

Suppose thatH;" and H; are the extreme points on the lineL( i; 2) among

disks of the cylinder C. The height of C is
q

h=jH H 0= ({1 02+( 2 ; 2°+(7 )2



Note that [ ;. Then
+ p— p—
h=(C7 ) =(Ci+r= i =) 0 (2
=i X))+ 20y y))+H(zo o)+ (i )= 3)
SH‘ICG the volume of the cylinder isV = r 2h, the radius of the cylinder is
r = V= h). The existence of the cylinder of radiusr containing the beads is

related to transversals?®. A line L is called a (ine) transversal of the necklaceN
if it intersects every bead of N. Let T(N) denote the set of all transversals of
N . The reduction to transversals is as follows. The set of ball B;(o;;r;) can be
wrapped by a cylinder of radiusr if and only if (i) r; r for all i, and (ii) the
balls BYoi;r r;) admit a transversal. For our purposes we need a constrained
reduction: the set of ballsB;(o;; ri) can be wrapped by a cylinder whose centerline
is parallel to L( 1; 2) and radius r if and only if (i) r; r for all i, and (ii) the
balls BYoi;r r;) admit a transversal parallel to L( 1; »). Agarwal et al.! solved
the transversal detection problem using minimization/maximization diagrams of
bivariate functions. We apply their approach to other functions since we use di erent
parametrization.

A line L parallel to the line L( 1; 2) can be parameterized using two more
variables 3 and 4 as follows:

LY 15 25 3 a)=f(a+t 1 a+tot)jt2 Ra

Let 9 1; 2; 3) be the plane containing all the lines LY 1; »; 3; 4); 4 2 R.
Consider anl-th bead B?. We de ne two functions f( 1; 2; 3) and g( 1; 2; 3)
as follows. Intersect B with the plane | passing through the center ofB? and

+

parallel to the xz-plane. The equation of the plane | isy = y,. Let | and
, be two hemispheres de ned by cutting B by . We assume that | lies
in the halfspace y y; and | lies in the halfspacey yi. If the plane
% 1; 2; 3) intersects the bead B, then there are two linesLY 1; »; 3;a) and
LY 1; 2; 3;b);a  btangent to the hemispheres | and |, respectively. We de-
ne g( 1; 2; 3)= aandf|( 1; »; 3)= b.Inthe second case U 1; 2; 3)\ B = ;
we dene fi(1; 2; 3) =+ 1 and g(1; 2; 3) = 1 . The functions f| and g
have property that the line LY 1; 2; 3; 4) intersects the bead B if and only if
fi( 15 25 3) 4 0(1; 2; 3). The line LY 1; 2; 3; 4) is transversal of the

beads if and only if
max fi(1; 25 3) 4 mMin g(1; 2; 3):
11 n 11 n
We show that the functions f( 1; 2; 3)and g( 1; 2; 3) have constant descrip-

tion complexity 1, that is, the graph of each function is a semi-algebraic setri R*
de ned by a constant number of polynomial equalities and inejualities of constant



degree. We assume that andj are xed. By Equation (3) the radius of the cylinder
satis es

202+ 2+0)=( 1xi X))+ 20 y)+(z z)+(ri n)NE @)

+

The lines tangent to the hemispheres | and | are at distancer r; from the

center ¢. This is equivalent to the condition that the line L( 1; 2) is at distance
r 1 fromthe point pi(x%y% z9) wherex?= x;  3;y°=y  4;2°= z. Substituting

i by | and o, by py in Equation (1) the nearest pointonL( 1; »)to p has coordinates
(15 25 )where

=( P+ 2+ )T+ FHD): (5)
Therefore the tangent lines satisfy

r r)?2=(C 1 x92+( 2 yd)?+( z)?
= 22 (oxP* o+ )+ O+ (YD) (2)?
(XD?+ () + (2> 2 (6)

Plugging from (5) and x{;y2 z? into (6) we obtain a polynomial of a constant
degree.

Recently Koltun and Sharir 12 proved that the overlay of two trivariate diagrams
has O(n®* ) complexity. Applied to the maximization diagram of f|( 1; »; 3) and
the minimization diagram of g/( 1; 2; 3) we obtain O(n3* ) bound for the xed pair
(i;j ). The decision problem can be solved inO(n°" ) time since there are O(n?)
pairs (i;j ). The parametric search technique allows us to solve the ofmization
problem within the same bound O(n®* ). |

3. General k

In this Section we show how to nd an optimal necklace packinginto cylinders. Our
algorithm is based on the dynamic programming approach. Esmtially, a polyno-
mial time algorithm is possible to design since the problems decomposable into
polynomially many subproblems.

Theorem 4. Let F(C) be one of the following functions: (1) the radius of the
necklace packing into cylinders minimizingF () can be solved inO(n%* ) time for

the case (1) and inO(n"* ) time for the case (2).

Proof. Leti andj be two integerssuchthatl i j n.Let N(i;j) denote the

covering the necklaceN (i;j ). By Theorem 3 the cylinder C(i;j ) can be found
in O(n®" ) time if F(C) is the volume function. Let ( i;j) denote the value of



F (C(i;j )). Therefore the values of (i;j)forall i andj can be computed inO(n’* )
time. The bound for the rst case follows if we apply the O(n®" )-algorithm by
Agarwal et al.?.

Let m be aninteger 1 m k. Let C(jm) = fCy;Cy;:::;Cng be the set of

(;1)=(@;j) foralll j n
(j;m)={ni'n_f(i;m 1+ (i+1l;j)g foralll j nandl m Kk
i<j

The dynamic program computes the values of (j; m) using the above equations.
This computation takes O(n?) time. Clearly, the optimal value of the necklace
packing is ( n;k). The theorem follows. O

We remark that the approach based on dynamic programming carbe applied
to many other objective functions that are decomposable.

4. Cylindrical Hierarchy

We consider two hierarchies wrapped and layered. Aageof a node in the wrapped
hierarchy is de ned as the optimal cylinder covering all beals in the corresponding
subtree. In the layered hierarchy the cage is the smallest dinder containing the

cages of its children. At rst glance, computation of the wrapped hierarchy is more
di cult than computation of one cylinder. We show that the co mputing time is the

same for the exact problem and slightly bigger for the approxmate one.

4.1. Wrapped Hierarchy

Lemma 1. The wrapped hierarchy can be constructed in
(@) O(n®* ) time exactly if the objective function is based on the radiusnly,
(b) O(n%* ) time exactly if the objective function is based on the volume
(c) O((nlogn)="4) time approximately if the objective function is based eithe
on the radius or the volume.

Proof. The main computational task is to construct all the cages of tie hierarchy.
We construct each cage independently using the algorithmsém Theorems 1 and 2.
The algorithm is recursive. Let t(n) be the running time for computing the optimal
cylinder (or its approximation) for n spheres. LetT(n) be the running time to
construct the hierarchy for n beads. Then

T()= const; and T(n)=t(n)+2T(n=2) ifn 2

The lemma follows since (a)t(n) = n%* , (b) t(n) = n% , and (c) t(n) =
o(n="4). O
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4.2. Layered Hierarchy

In the layered hierarchy we have a new problem.

Cage Problem . Let C; and C, be two cylinders in R3. Find an
optimal cylinder C that contains C; and C, where the quality of a
cylinder is measured by a functionF () as in the necklace packing
problem.

Lemma 2. The optimal cage can be found irD(1) time. Thus the layered hierarchy
can be constructed inO(n) time.

Proof. We note that it is su cient to substitute the cylinders C; and C, by four
circles on their boundaries, see Fig. 4.

003

Fig. 4. The four circles s1;s2;s3 and s4 on the boundary of two cylinders.

The problem of nding an optimal cylinder has a constant complexity. We pa-
rameterize the cylinder using six variables. Leta = (ay;ay;0) and b= (ay + b;ay +
by; 1) be two points that are the intersections of the centerlineof the cylinder and
the planesz = 0 and z = 1. We can assume that the centerline of the optimal cylin-
der is not parallel to the plane OXY by the perturbation argument. Two disks on
the boundary of the cylinder can be parameterized as planes x+ byy+ z = h; and
b.x+ byy+ z = hy. The volume of the cylinder can be expressed using the varides
ay;ay; b by hy; ha. The optimal value of the volume can be found inO(1) time.

The total running time is linear since the recurrence for the running time is
T(n)= O(1) + 2T (n=2). O

5. Experiments

We have implemented Algorithm 1 for nding the smallest cylinder. A close-up of
the atoms of a helix of human deoxyhaemoglobin 4HHB and the sialest enclosing
cylinder is shown in Fig. 5. It demonstrates that the cylinders are useful for shape
representation of molecules.

The performance of a cylindrical hierarchy can be tested by wunning real life
applications like the collision detection. We implementedthe cylindrical hierarchy
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Fig. 5. The helix of human deoxyhaemoglobin 4HHB and its smal lest enclosing cylinder.

based on the binary tree representation of the necklace. Weetect the wrapped
hierarchy and the objective function minimizing the radius of a cylinder. We modify
slightly the shape of the enclosing cylinders and considetigars since they admit a
simpler algorithm for detecting whether two cigars intersect. For two points a; b2
R® and a positive real numberr, the cigar (a;b;r) is the Minkowski sum of the
segment R; b and the ball of radius r centered at the origin, i.e.

(a;b;r)=fp2 R*j9q2 [a;b;jpg rg:

5.1. The smallest cigar with a given centerline.

Let p; and p, be two points and let r be the smallest radius of a cylinder with
the centerline pyp, containing the necklaceN . We want to nd the smallest cigar

(a; b;r) containing the necklace N such that the segment p; b lies on the line
p1p2. For each beadB;, we nd two points ¢ and g on the line p;p, that are
at distance r  r; from the bead centero, where the vectorg ¢ has the same
direction as the vector p1p,, see Fig. 6.

We assume that the distance betweemp; and p; is at least some positive constant
as in Algorithm 1. Let v be the unit vector p,p15jp2p1j. The point g of the line p1p;
closesttog; satises g = p1 + Vv for some value of ; 2 R. Then the vectors g; G
and v are perpendicular. Thusv og =0orv ( v+ pg)=0o0r ;=v (0p).
Let d; be the distance betweerng; and ¢. The distance from therpoints g andq
to o isr. Thereforeq” = g+ jvandg =g ivwhere i = r2 j 0gj2. Let

i + i be the minimum value among all n+ m;1 m nandlet i be
the maximum value among all m:;1l m n. The segment of the optimal
cigaristhen pr +( i+ i)vipr+( ; i)v], see Fig. 6.



12

Fig. 6. The smallest cigar (g ;¢ ;r).

5.2. Collision test

In this section we show that it is not di cult to detect the int ersection of cigars.

Lemma 3. Let i(az;bi;ri) and 2(az;bp;r2) be two cigars. Letd be the smallest
distance between two straight line segmenta;; b;] and [az; I]. Two cigars ; and
2 intersect if and only if d ry + ro.

Proof. Suppose that two cigars intersect and a pointp lies in the intersection of
the cigars. There are pointsp; 2 1 and p2 2 » such that the distancesjpp:j and
ippzj are at mostr, and r,, respectively. Thenjpipzj pipj+ jppR2j r1+ rz. The
reverse claim can be shown by a similar argument. |

The computation of the distance between two segments iR® is the well-known
problem due to applications in graphics and animations. Thecollision detection can
be done using the following primitives:

test whether two balls intersect,
test whether a segment and a ball intersect,
nd the smallest distance between two lines.

Speci cally, two cigars 1(az;by;r1) and 2(az;bp;ry) intersect if and only if one
of the following conditions holds:
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(i) Two balls in at least one pair (B(az1;r1); B(az;r2)), (B(az;r1);B(lp;r2)),
(B(by;r1);B(az;r2)), or (B(by;ri1); B(lp;ry)) intersect,

(i) The perpendicular dropped from an endpoint e of one segments 2
f[a1; by]; [a2; bp]g to the line | containing the other segments® meets a point
eof sPandjee] i+ ra.

(i) Let pip2 be the segment making the shortest distance between two lire
containing [a;; by ] and [az; by], respectively. The distancejpip,j is at most
ri+rpandp 2 [a;b];i=1;2.

5.3. Collision detection

Let A and B be two molecules and letH, and Hg be their cylindrical hierarchies.
We apply the following algorithm to detect if the necklaces d A and B intersect.
Let Ca and Cg be the root cylinders of Ha and Hg, respectively. If Co \ Cg = ;
then A and B do not intersect. Otherwise we pick a cylinder with larger radius, say
Ca . We check the cylinders of the root children ofH, against Cg . In general, we
have a list L of pairs of cylinders (C1;CY); (Cz; C);::: such that the cylinders in
each pair intersect. We select a cylinder with maximum radiss among all cylinders
in the list, say C;. Let v be the node ofH 5 storing C; and let u be the node ofHg
storing CY. Let C; and C, be the cylinders of the children ofv. We replace the pair
(C1; C?) in the list by the pairs (Cy1;CY) and (C,; C?). If v is a leaf ofHA then we
consider the children ofu. If both v and u are leaves then the collision is detected
and the algorithm stops; otherwise we repeat this process uit L is not empty.

We select the protein endonuclease barnase 1BRS.pdb for dislon detection.
The chains A and D of the protein are in a docking position whee many atoms
from A and D are close to each other but do not overlap. It can beviewed as a
good benchmark for collision detection in proteins. It conains 864 atoms in the
chain A and 691 atoms in the chain D. We count the total nhumber d pairs of
cylinders checked by the algorithm. To compare the performace of the cylindrical
hierarchy we also implemented the spherical hierarchy andte collision detection
similar to the algorithm above (the only di erence is that we compare the radii of
two spheres when new pairs are generated). We run both algdims on 1BRS: the
spherical hierarchy uses 3677 intersection tests and the tgdrical hierarchy uses
2195 intersection tests only.

6. Conclusion

We studied the problem of necklace packing into cylinders, he problem of con-
structing cylindrical hierarchies, and the problem of collision detection using cylin-
drical hierarchies. We presented e cient algorithms, approximate and exact, for
constructing cylindrical hierarchies under di erent crit eria of optimal cylinders.
The approximate algorithm is practical and has been implemated. The experi-
ments demonstrate that the cylindrical hierarchy is e cien t for collision detection
in proteins.
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Fig. 7. Two chains of 1BRS.
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