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ABSTRACT
In real-time embedded systems, such as multimedia and
video applications, cost and time are the most important
issues and loop is the most critical part. Due to the un-
certainties in execution time of some tasks, this paper
models each varied execution time as a probabilistic ran-
dom variable. We proposes a novel algorithm to mini-
mize the total cost while satisfying the timing constraint
with a guaranteed confidence probability. First, we use
data mining to predict the distribution of execution time
and find the association rules between execution time and
different inputs from history table. Then we use rota-
tion scheduling to obtain the best assignment for total
cost minimization, which is called the HAP problem in
this paper. Finally, we use prefetching to prepare data in
advance at run time. Experiments demonstrate the effec-
tiveness of our algorithm. Our approach can handle loops
efficiently. In addition, it is suitable to both soft and hard
real-time systems.
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1 Introduction

In high level synthesis, Cost (such as energy, reliabil-
ity, etc.) minimization has become a primary concern
in today’s real-time embedded systems. In DSP systems,
some tasks may not have fixed execution time. Such tasks
usually contain conditional instructions and/or operations
that could have different execution times for different in-
puts. It is possible to obtain the execution time distribu-
tion for each task by sampling or profiling [1]. In this
paper, we use a data mining engine to do the prediction.
First, the data mining engine collects data into the log.
Then do clustering and use unsupervising method to find
the distribution pattern of all random variables, i.e., the
execution times. Finally, the engine builds the distribu-
tion function for each execution time that has uncertainty.

In heterogeneous DSP, i.e., there are multiple func-
tional unit (FUs) type for each task to choose from. Dif-
ferent FU type has different execution time and cost,
which may relate to energy, area, etc. A certain FU type
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may execute the task slower but with less cost, while
another type will execute faster with higher cost. Prior
design space exploration methods for hardware/software
codesign of embedded systems [2] guarantee no deadline
missing by considering worst-case execution time of each
task. These methods are pessimistic and will often lead to
over-designed systems with high cost. In this paper, we
use probabilistic approach and loop scheduling to avoid
over-design systems. We compute the best type assign-
ment at compile time to minimize expected value of total
energy consumption while satisfying timing constraints
with guaranteed probabilities for real-time applications.

We design new rotation scheduling algorithms for
real-time applications that produce schedules consum-
ing minimal energy. In our algorithms, we use rota-
tion scheduling [3] to get schedules for loop applica-
tions [4, 5]. The schedule length will be reduced after
rotation. Then, we assign different FU to computations
individually in order to decrease the cost of processors as
much as possible within the timing constraint.
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Figure 1. The basic implementation steps of our method

In summary, our approach includes three steps,
which are shown in Figure 1. First, we use data min-
ing to predict the execution time pattern and time-input
association from history table. Second, we use rotation
scheduling to obtain the best assignment for total cost
minimization. This includes finding the best FU type as-
signment in each iteration and rotation scheduling for �
iterations. Finally, we use prefetching to prepare data in
advance at run time. The experimental data show that our
algorithms can get better results on cost saving than the
previous work.

The rest of the paper is organized as following: In
Section 2, we give motivational examples. The models
and basic concepts are introduced in Section 3. In Sec-
tion 4, we propose our algorithms. We give the related
work in Section 5. The experimental results are shown in
Section 6, and the conclusion is shown in Section 7.

2 Motivational Examples

For the data mining engine, the working procedures are as
follows. We first build up a execution time history table
(ETHT). Then implement data cleaning. Next, do data



integration, transformation, and filtering (selection). Fi-
nally we find the association rule of the random variables
and the pattern of distribution function of each execution
time.

Data mining engine works at compile time. Based
on the obtained distribution function of each execution
time, we will use loop scheduling to find the best assign-
ment for cost minimization. Then at run time, needed
data will be prefetched in advance. Based on the com-
puted best assignment, we can prefetch data in certain
time ahead with guaranteed probability. For example, if
node � select type ��, then we prefetch data for node �
in 2 time unit in advance, and it will guarantee with 100%
that node � can be executed on time with needed data.
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Figure 2. (a) A PDFG. (b) Parameter table

Assume an input PDFG (Probability Data Flow
Graph) shown in Figure 2(a). Each node can select one
of the three different FUs: ��, ��, and ��. The execu-
tion times (�), and expected cost (�) of each node un-
der different FU types are shown in Figure 2(b). The in-
put PDFG has five nodes. Node 1 is a multi-child node,
which has two children: 2 and 3. Node 5 is a multi-parent
node, and has two parents: 3 and 4. The execution time �
of each node is modeled as a random variable. For exam-
ple, When choosing ��, node 1 will be finished in 1 time
unit with probability 	��� and will be finished in 2 time
units with probability 	���. The corresponding probabil-
ities (	) to � are still unknown. 	��� represents the first
kind of variation of execution time for node 1 under type
��.

Data mining engine is used to predict the probabil-
ities. We first profile the data and build the historic table
of execution time of nodes. Then we use data mining
techniques to discover the distribution function of each
execution time that is not fix. Figure 3 (a) shows the ob-
tained distribution of each random variable. Base on (a),
Figure 3 (b) computes the cumulative distributed function
(CDF) of each random variable.

For initial schedule graph in Figure 4 (c), We use
the HAP Heu algorithm in [6] to generate the minimum
total cost with computed confidence probabilities under
the timing constraints. The results are shown in Table 1.
Algorithm HAP Heu [6] is used as a sub-algorithm of
our LSHAP algorithm. The entries with probability that
is equal to 1 (see the entries in boldface) actually give
the results to the hard real-time problem which shows the
worst-case scenario. For each row of the table, the � in
each (	, �) pair gives the minimum total cost with con-
fidence probability 	 under timing constraint 
. For ex-
ample, using our algorithm, at timing constraint 11, we
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Figure 3. (a) Parameter table after data mining. (b) Pa-
rameter table with cumulative probabilities.
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Figure 4. (a) Original PDFG. (b) The static schedule. (c)
The schedule graph

can get (0.90, 20) pair. The assignments are shown as
“Ass 1” in Table 2. Assignment ���� represents the volt-
age selection of each node �. Hence, we find the way
to achieve minimum total cost 20 with probability 0.90
satisfying timing constraint 11. While using the ILP and
heuristic algorithm in [2], the total cost obtained is 32.
The assignments are shown as “Ass 2” in Table 2.

For the new schedule graph shown in Figure 5(c),
we get (0.90, 10) and (1.00, 12) pairs at timing constraint
11. For (0.90, 10) pair, node 5’s type was changed to � �,
then the T was changed from 4 to 6, and cost change from
3 to 1. Hence the total execution time is 11, and the total
cost is 10. So the improvement of cost saving is 50.0%
while the probability is still 90%. For (1.00. 12) pair,
the execution times of nodes 2, 3 were changed from 1
to be 3 and node 1’s was changed from 2 to 6. The total

T (P , C) (P , C) (P , C) (P , C) (P , C)
4 0.50, 43
5 0.65, 39
6 0.65, 35 0.81, 39
7 0.65, 27 0.73, 33 0.81, 35 0.90, 39
8 0.81, 27 0.90, 35 1.00, 43
9 0.58, 20 0.73, 21 0.81, 27 0.90, 32 1.00, 39

10 0.72, 20 0.81, 21 0.90, 28 1.00, 36
11 0.65, 14 0.90, 20 1.00, 32
12 0.81, 14 0.90, 20 1.00, 28
13 0.65, 12 0.90, 14 1.00, 20
14 0.81, 12 0.90, 14 1.00, 20
15 0.50, 10 0.90, 12 1.00, 14
16 0.72, 10 0.90, 12 1.00, 14
17 0.90, 10 1.00, 12
18 0.50, 8 0.90, 10 1.00, 12
19 0.72, 8 1.00, 10
20 0.90, 8 1.00, 10
21 1.00, 8

Table 1. Minimum � satisfying � with 	.



Node id T F P C
1 2 �� 1.00 9

Ass 1 ���� 2 3 �� 1.00 2
3 3 �� 1.00 2
4 2 �� 0.90 4
5 4 �� 1.00 3

Total 11 0.90 20
1 2 �� 1.00 9

Ass 2 ���� 2 1 �� 1.00 8
3 1 �� 1.00 8
4 4 �� 1.00 4
5 4 �� 1.00 3

Total 11 1.00 32

Table 2. The assignments with � � ��.
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Figure 5. (a) The PDFG after retiming (b) The static
schedule. (c) New schedule

cost were changed to 12, and the total execution time is
still 11. Hence compared with original 32, the improve-
ment of total cost saving is 62.5%. If we consider the cost
of switch activity, we can get more practical results. For
example, after rotation once, node 1 has changed from
processor 	�� to 	��. Assume the cost of this switch
is 1, then the final total cost is 13. Then the cost saving
is 59.4% compared with previous scheduling and assign-
ment.

3 Models and Concepts

In this section, we introduce the data mining and
prefetching model, the system model, and the HAP prob-
lem.

Data Mining and Prefetching Model: Our data
mining engine has several major steps [7], which is
shown in Figure 6: First, We build up a execution time
history table (ETHT). In each iteration, the engine will
store the execution time of each node into the table. From
ETHT, we do data cleaning, to remove noise and incon-
sistent data. Then data integration and transformation.
Next do data mining in order to extract data pattern. Fi-
nally, we obtain the probability distribution function of
each execution time and the association rule between in-
puts and execution time selection. For example, in the
Figure 3, we obtained 	��� � 
�� and 	��� � 
��,
which means node 1 with FU type 1 will be finished in 1
time unit with 80% probability and be finished in 2 time
unit with 20% probability. We can also obtain the hidden
association between different inputs and execution time.
For instance, we may find the node 1 will always be fin-

ished in 2 time unit when the input is a large integer �,
such as � � �

. We may not know why this happened,
but we can use this hidden association and select the right
execution time and FU type.

Data cleaning Data integration

Data selection

Data transform

Date mining

Identify pattern

Build up exection
time history table

of execution time

Distri. function

Figure 6. The basic structure of our method

For prefetching, suppose there is a on chip memory
and a main memory. The on chip memory is small but
fast; and the main memory is large but slow. Since the
limited space of on chip memory, the engine will prefetch
data that will be needed for later tasks based on the pre-
diction of execution time of current task. For example, if
the prefetching operation time is 2 cycles, and the current
task � is estimated to be finished in 5 cycles from now,
then the engine need to prefetch the data for the next tasks
� 3 cycles before now.

System Model: Probabilistic Data-Flow Graph
(PDFG) is used to model applications of embedded sys-
tems. A cyclic PDFG G =�U, ED, d, T, F� is a
node-weighted and edge-weighted directed graph, where
U � ���� � � � � ��� � � � � ��� is the set of nodes; F =
���� � � � � ��� � � � � ��� is a FU set; the execution time
������ is a random variable; ED � U � U is the edge
set that defines the precedence relations among nodes in
U. d(ed) is a function to represent the number of delays
for any edge ed � ED, The edge without delay repre-
sents the intra-iteration data dependency; the edge with
delays represents the inter-iteration data dependency and
the number of delays represents the number of iterations
involved. Static Schedules: From the PDFG of an appli-
cation, we can obtain a static schedule. A static schedule
of a cyclic PDFG is a repeated pattern of an execution
of the corresponding loop. The DAG directed acyclic
graph is obtained by removing all edges with delays in
the PDFG.

An assignment A is a function from domain U to
range F, where U is the node set and F is the FU set. For
a node � � �, ���� gives selected FU type of node �. In
a PDFG G, ������, � � 
 � �, represents the execution
times of each node � � � when running at FU type � �;
������ is either a discrete random variable or a continu-
ous random variable. We define ���� to be the cumulative
distribution function (abbreviated as CDF) of the random
variable ������, where ���� � 	������� � ��. When
������ is a discrete random variable, the CDF ���� is
the sum of all the probabilities associating with the ex-
ecution times that are less than or equal to �. If ������
is a continuous random variable, then it has a probabil-
ity density function (PDF) . If assume the PDF is �, then
���� �

�	


������. Function ���� is nondecreasing, and

����� � 
, ���� � �.
Retiming [8] is an optimal scheduling technique for

cyclic DFGs considering inter-iteration dependencies. It
can be used to optimize the cycle period of a cyclic PDFG



by evenly distributing the delays. Retiming generates the
optimal schedule for a cyclic PDFG when there is no re-
source constraint. Given a cyclic PDFG G=�U, ED, d,
T, F�, retiming r of G is a function from U to integers.
For a node � � �, the value of r(u) is the number of de-
lays drawn from each of incoming edges of node u and
pushed to all of the outgoing edges. Let �� = �U, ED,
��, T, F� denote the retimed graph of G with retiming
r, then ������ � ����� � ���� � ���� for every edge
���� � �� � ED. Rotation Scheduling [3] is a schedul-
ing technique used to optimize a loop schedule with re-
source constraints. It transforms a schedule to a more
compact one iteratively in a PDFG. In most cases, the
minimal schedule length can be obtained in polynomial
time by rotation scheduling.

Definitions: Define the HAP (heterogeneous as-
signment with probability) problem as follows: Given �
different FU levels: ��,��,� � � ,��, a PDFG � � � U, ED,
d, T, F � with ������, 	�����, and ������ for each node
� � U executed on each FU type ��, a timing constraint
� and a confidence probability 	, find the FU for each
node in assignment � that gives the minimum expected
total cost � with confidence probability 	 under timing
constraint �.

4 The Algorithms

To solve the HAP problem, we propose a high efficient
algorithm, LSHAP, to minimize the total cost while sat-
isfying timing constraints with guaranteed probabilities.
The LSHAP algorithm is shown in Algorithm 4.1. In
LSHAP algorithm. Algorithm HAP Heu [6] is used as
a sub-algorithm of our LSHAP algorithm.

Algorithm 4.1 LSHAP Algorithm
Require: � different FU levels, a PDFG, the timing constraint
�, and the rotation times�.

Ensure: An optimal voltage assignment to minimize cost while
satisfying �

1: Build up the Execution Time History Table (ETHT).
2: Use data mining to predict the PDF of each varied execution

time.
3: Build up the probability distribution function table and

CDF table for each varied execution time.
4: Find the association rules between execution times and dif-

ferent inputs.
5: rotation� 0;
6: while (rotation � �)
7: Get the static schedule (a DAG) from input PDFG.
8: Get scheduling graph from the DAG.
9: Using algorithm HAP Heu [6] to get the near optimal

assignment of FU types for the schedule graph.
10: Using Rotation scheduling [3] to retime the original

PDFG and rotate down the first row.
11: rotation++;
12: Output results: retime �, assignment �, and the minimum

total cost ����.
13: Use online prefetching to reduce cost while satisfying tim-

ing constraints with guaranteed probability.

LSHAP algorithm includes three major steps. First,
we build up the execution time history table (ETHT) and
use data mining to predict the execution time pattern from
ETHT. Second, we use an high efficient method to obtain

the assignment with minimized total cost. This includes
finding the FU assignment with cost minimization in each
iteration and using rotation scheduling to obtain the best
one for � iterations. Finally, we use prefetching to pre-
pare data in advance at run time. The experimental data
show that our algorithms can get better results on energy
saving than the previous work.

In finding the FU assignment with cost minimiza-
tion in each iteration, we use dynamic programming
method traveling the graph in a bottom up fashion. For
the ease of explanation, we will index the nodes based
on bottom up sequence. Given the timing constraint �,
a PDFG �, and an assignment �, we first give several
definitions as follows:

1. ��: The sub-graph rooted at node ��, containing all
the nodes reached by node ��. In our algorithm,
each step will add one node which becomes the root
of its sub-graph.

2. ����
�� and ����

��: The total cost and total ex-
ecution time of �� under the assignment A. In our
algorithm, each step will achieve the minimum total
cost of �� with computed confidence probabilities
under various timing constraints.

3. In our algorithm, table ��
� will be built. Here,
 represents a node number, and 
 represents time.
Each entry of table ��
� will store a link list of
(Probability, Cost) pairs sorted by probability in an
ascending order. Here we define the (Probability,
Cost) pair (	�
�, ��
�) as follows: ��
� is the mini-
mum cost of ����

�� computed by all assignments
� satisfying ����

�� � 
 with probability � 	�
�.

Usually, there are redundant pairs in a link list. We
use Lemma 4.1 to cancel redundant pairs.

Lemma 4.1. Given (	��
�, ��
�
�) and (	��
�, ��

�
�) in the
same list:

1. If 	��
� � 	��
�, then the pair with minimum ��
� is
selected to be kept.

2. If 	��
� ! 	��
� and ��
�
� � ��

�
�, then ��
�
� is selected

to be kept.

In every step of our algorithm, one more node will
be included for consideration. The information of this
node is stored in local table ��
�, which is similar to ta-
ble ��
�, but with cumulative probabilities only on node
��. A local table store only data of probabilities and con-
sumptions, of a node itself. Table "�
� is the local table
storing only the data of node ��. The building procedures
of ��
� are as follows. First, sort the execution time vari-
ations in an ascending order for each �. Then, compute
the CDF (cumulative distributive function) under each �.
Finally, let ��
� be the link list in each entry of ��
�, insert
��
� into ��
��� while redundant pairs canceled out based
on Lemma 4.1. We use the algorithm HAP Heu proposed
by Qiu et al. [6] to solve FU assignment with cost min-
imization in each iteration, and algorithm HAP Heu is
used as a sub-algorithm of our LSHAP algorithm.



5 Related Work

Data Mining: Data mining is an analytic process de-
signed to explore data in search of consistent patterns
and/or systematic relationships between variables, and
then to validate the findings by applying the detected
patterns to new subsets of data. The ultimate goal of
data mining is prediction. The process of data min-
ing consists of three stages: (1) the initial exploration,
(2) model building or pattern identification with valida-
tion/verification, and (3) deployment, i.e., the application
of the model to new data in order to generate predictions.

Data mining is more oriented towards applications
than the basic nature of the underlying phenomena [7].
In other words, Data mining is relatively less concerned
with identifying the specific relations between the in-
volved variables. For example, uncovering the nature of
the underlying functions or the specific types of interac-
tive, multivariate dependencies between variables are not
the main goal of Data Mining. Instead, the focus is on
producing a solution that can generate useful predictions.

Predictive data mining is the most common type of
data mining and one that has the most direct applications.
The goal of predictive data mining is to identify a statis-
tical or neural network model or set of models that can
be used to predict some response of interest [9, 10]. Text
mining is another kind of popular data mining. While
data mining is typically concerned with the detection of
patterns in numeric data, very often important informa-
tion is stored in the form of text. Unlike numeric data,
text is often amorphous, and difficult to deal with. Text
mining generally consists of two parts. One part is the
analysis of multiple text documents by extracting key
phrases, concepts, etc. The other part is the preparation of
the text processed in that manner for further analyses with
numeric data mining techniques, e.g., to determine co-
occurrences of concepts, key phrases, names, addresses,
product names, etc.

Prefetching: There are two general ways of instruc-
tion prefectching [11, 12]. The first one is called Sequen-
tial instruction prefetching . The simplest form of instruc-
tion prefetching is next line prefetching. In this scheme,
when a cache line is fetched, a prefetch for the next se-
quential line is also initiated. A number of variations of
this basic scheme exist, with different heuristics govern-
ing the conditions under which a prefetch is issued. Com-
mon schemes include: always issuing a prefetch for the
next line (next-line always), issuing a prefetch only if the
current line resulted in a miss (next-line on miss) and is-
suing a prefetch if the current line is a miss or is a pre-
viously prefetched line (next-line tagged). Next-N-line
prefetch schemes extend this basic concept by prefetch-
ing the next N sequential lines following the one currently
being fetched by the processor. The benefits of prefetch-
ing the next N-lines include, increasing the timeliness of
the prefetches and the ability to cover short nonsequential
transfers.

The other one is called Nonsequential instruction
prefetching [13–16]. Nonsequential prefetch prediction
is closely related to branch prediction. history-based
schemes, such as the target prefetcher, is one of the main
styles of prefetcher specifically targeted at nonsequen-
tial prefetching, History table is a table is used to re-

tain information about the sequence of cache lines pre-
viously fetched by the processor. As execution contin-
ues, the table is searched using the address of each de-
mand fetched line. If the address hits in the table, the
table returns the addresses of the next cache lines that
were fetched the previous times the active cache line was
fetched. Prefetches can then be selectively issued for
these lines. In this scheme, the behavior of the appli-
cation is predicted to be repetitious and prior behavior is
used to guide the prefetching for the future requirements
of the application. The prediction table may contain data
for all transitions, or just the subset that relate to transi-
tions between non-sequential cache lines.

6 Experiments

This section presents the experimental results of our al-
gorithms. We build up a data mining engine and predict
the probability distribution function of execution time at
compile time. Then compute the best assignment and
prefetch the data needed in advance. We compare our
algorithm with list scheduling and the ILP techniques
in [17] that can give near-optimal solution for the DAG
optimization. Experiments are conducted on a set of
benchmarks including 4-stage lattice filter, 8-stage lat-
tice filter, voltera filter, differential equation solver, RLS-
languerre lattice filter, and elliptic filter. � different
FUs, ��� � � � � ��, are used in the system, in which a
processor under �� is the quickest with the highest cost
and a processor under �� is the slowest with the low-
est cost. The execution times for each node are in Gaus-
sian distribution. Each application has timing constraints.
This assumption is good enough to serve our purpose to
compare the relative improvement among different algo-
rithms. For each benchmark, we conduct the experiments
based on 5 processor cores. The experiments are per-
formed on a Dell PC with a P4 2.1 G processor and 512
MB memory running Red Hat Linux 9.0.

The experimental results with 5 processors are
shown in Table 3. In the table, columns “List”, “ILP”
, “LSHAP” represent the results obtained by list schedul-
ing, the ILP in [17], our LSHAP algorithm, respectively.
Columns “Cost” represents the cost and columns “%I”
represents the improvement of our algorithm over the ILP
in [17] with different probability. The total average im-
provement of LSHAP is shown in the last row.

From the experimental results, we can see that our
algorithms achieve significant cost saving compared with
the ILP in [17]. On average, LSHAP shows a 30.8%
reduction in hard real-time, and reductions of 42.9%,
49.3% with probability 0.9 and 0.8, respectively, for soft
real-time DSP systems. The reason of such big improve-
ment is because we use loop scheduling to shrink the
schedule length and assign the best possible FU to min-
imize cost while satisfying time constraint with guaran-
teed probabilities.

7 Conclusion

This paper combined loop scheduling and data mining
and prefetching to solve the heterogeneous FU assign-
ment problem. We proposed an algorithm, LSHAP, to



List ILP LSHAP
TC 0.8 0.9 1.0

Cost Cost Cost %I Cost %I Cost %I
differential equation solver, 5 processors

40 1018 865 432 50.1 506 41.5 602 30.4
50 887 755 382 49.4 438 42.0 533 29.4
60 826 702 352 49.8 389 44.6 471 32.9
70 643 643 331 48.5 362 43.7 455 29.2
80 706 600 303 49.5 348 42.0 409 31.8

4-stage lattice filter, 5 processors
100 1986 1687 862 48.9 973 42.4 1178 30.2
110 1548 1316 661 49.8 754 42.7 915 30.5
120 1304 1108 579 47.8 604 45.5 756 31.8
130 1171 996 515 48.3 583 41.4 685 31.1
140 982 835 423 49.3 478 42.8 572 31.5

voltera filter, 5 processors
80 1991 1692 869 48.6 973 42.5 1182 30.2
90 1368 1163 578 50.3 652 43.9 807 30.6

100 1233 1048 541 48.4 587 44.0 711 32.2
110 1164 989 501 49.4 571 42.3 696 29.6
120 1036 882 432 51.0 512 42.0 615 30.3

Average Imp. over ILP 49.3 – 42.9 – 30.8

Table 3. The cost comparison for the schedules gener-
ated by list scheduling, the ILP in [17], and the LSHAP
algorithm.

give the efficient solutions. We first use data mining to
obtain the PDF of execution times, which are modeled as
random variable in this paper. Then, by taking advantage
of the uncertainties in execution time of tasks, we give
out FU assignments and scheduling to minimize the ex-
pected total cost while satisfying timing constraint with
guaranteed probabilities. We repeatedly regroup a loop
based on rotation scheduling and decrease the energy by
voltage selection as much as possible within a timing con-
straint. Finally, we prefetch the data needed in advance
at run time. Our approach can handle loops efficiently.
Experimental results show the significant cost-saving of
our approach.
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