O’Brien Test for Homogeneity of
Variance

Hervé Abdi!

1 Overview

The homogeneity of variance assumption is one of the critical as-
sumptions underlying most parametric statistical procedures such
as the analysis of variance and it is important to be able to test
this assumption. In addition, showing that several samples do not
come from populations with the same variance is sometimes of
importance per se. Among the many procedures used to test this
assumption, one of the most sensitive is the O'Brien test. This test
was developed by O’Brien (1979, 1981). The null hypothesis for
this test is that the samples under considerations come from pop-
ulations with the same variance; The alternative hypothesis is that
the populations have different variances.

Compared to other tests of homogeneity of variance, the ad-
vantage of the O’Brien test resides in its versatility and its com-
patibility with standard analysis of variance designs (cf. O’Brien,
1979; Martin & Games, 1977; Games, Keselman, & Clinch 1979). It
is also optimal because it minimizes both Types I and II errors. The
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essential idea behind the O’Brien test is to replace, for each sam-
ple, the original scores by transformed scores such that the trans-
formed scores reflect the variance of the sample. Then, a standard
analysis of variance based on the transformed scores will test the
homogeneity of variance assumption.

1.1 Motivation and method

There are several tests available to detect if several samples come
from populations having the same variances. In the case of two
samples, the ratio of the population estimates (computed from the
samples) is distributed as a Fisher distribution under the usual as-
sumptions. Unfortunately there is no straightforward extension to
this approach for designs involving more than two samples. By
contrast, the O’Brien test is designed to test the homogeneity of
variance assumption for several samples at once and with the ver-
satility for analysis of variance designs including contrast analysis
and sub-designs analysis.

The main idea behind the O’Brien test is to transform the origi-
nal scores so that the transformed scores reflect the variation of the
original scores. An analysis of variance on the transformed scores
will then reveal differences in the variability (i.e., variance) of the
original scores and therefore this analysis will test the homogene-
ity of variance assumption. A straightforward application of this
idea will be to replace the original scores by the absolute value of
their deviation to the mean of their experimental group (cf. Lev-
ene, 1960; Glass & Stanley, 1970). So, if we denote by Y, the score
of subject s in experimental condition a whose mean is denoted
by M, this first idea amounts to transforming Y, into v, as:

Vas = |Yas_Ma.| .

This transformation has the advantage of being simple and easy
to understand, but, unfortunately, it creates some statistical prob-
lems (i.e., the F distribution does not model the probability distri-
bution under the null hypothesis) and in particular, it leads to an
excess of Type I errors (i.e., we reject the null hypothesis more of-



Hervé Abdi: O’Brien Test for Homogeneity of Variance

ten than the a level indicates, see, e.g.,, Miller, 1968; Games et al.,
1977; O’Brien, 1979 for more details).

A better approach is to replace each score by its absolute dis-
tance to the median of its group. Specifically, each score is re-
placed by

Was = | Yas — Mdu.|

with Md,, : median of Group a. This transform gives very satisfac-
tory results for an omnibus testing of the homogeneity of variance
assumption. However in order to implement more sophisticated
statistical procedures (e.g., contrast analyses , multiples compar-
isons), a better transformation has been proposed by O’Brien (1979,
1981). Here, the scores are transformed as:

y o NaWNa=1.5) (Yas— Mg.)? — 58S,
“ (Ng—1) (N;—2)

)

with:
N, Number of observations of Group a
M,. Mean of Group a

S§S; Sum of the squares of Group a: SS, = Z (Yas — Mg)2.
S

When all the experimental groups have the same size, this for-
mula can be simplified as

o N(N-15) (Yas = M,)? - 58S,
“ (N-1)(N-2)
(with N: number of observations per group).

2 Example

In this section we detail the computation of the Median and the
O’Brien transforms. We use data from a memory experiment re-
ported by Hunter (1964, see also Abdi, 1987).
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2.1 Oneisabun...

In this experiment, Hunter wanted to demonstrate that it is easier
to remember an arbitrary list of words when we use a mnemonic
devise such as the peg-word technique. In this experiment, 64 par-
ticipants were assigned to either the control or the experimental
group. The task for all participants was to learn an arbitrary list of
pairs of words such as “one-sugar," “two-tiger," ... “ten-butterfly."
Ten-minute after they had learned their list, the participants were
asked to recall as many pairs as they could. Participants in the con-
trol group were told to try to remember the words as best as they
could. Participants from the experimental group were given the
following instructions:

A good way to remember a list is to first learn a “nursery-
rhyme" such as: “one is a bun, two is a shoe, three is a tree,
four is door, five is a hive, six is a stick, seven is heaven, eight
is a gate, nine is a mine, and ten is a hen.” When you need to
learn a pair of words, start by making a mental image of the
number and then make a mental image of the second word
and try to link these two images. For example, in order to
learn “one-cigarette" imagine a cartoon-like bun smoking a
cigarette.

The results are given in Table 1.

The results of this experiment are illustrated in Figure 1, they
show that the participants from the experimental group are doing
better than the participants from the control group. To confirm
this interpretation, an analysis of variance was performed (see Ta-
ble 2) and the F-test indicates that, indeed, the average number
of words recalled is significantly larger in the experimental group
than in the control group.

Figure 1 also shows that a large proportion of the participants
of the experimental are getting a perfect score of 10 out of 10 words
(cf. the peak at 10 for this group). This is called a ceiling effect:
Some of the participants of the experimental group could have
performed even better if they had had more words to learn. As a
consequence of this ceiling effect, the variance of the experimen-
tal group is likely to be smaller than what it should be because the
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Table 1: Data from Hunter (1964). The table gives for each group
the frequency of subjects recalling a given number of words. For
example, 11 subjects in the control group recalled 6 words from the
list they had learned.

Number of Words Control Experimental
Recalled Group Group
5 5 0
6 11 1
7 9 2
8 3 4
9 2 9
10 2 16
Y, 216 293
M, 6.750 9.156
Md,, 6.500 9.500
SSa 58.000 36.219

Table 2: ANOVA Table for the experiment of Hunter (1964). Raw
data.

Source df SS MS F Pr(F)
Experimental 1 92.64 92.64 60.96"* .000 000001
Error 62 94.22 1.52

Total 63 186.86

**: p smaller than a = .01. R, , = .496.

ceiling effect eliminates the differences between the participants
with a perfect score. In order to decide if this ceiling effect does
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Figure 1: Results of the “peg-word" experiment (one is a bun) from
Hunter (1964).

reduce the size of the variance of the experimental group, we need
to compare the variance of the two groups as shown below.

The first step to test the homogeneity of variance is to trans-
form the original scores. For example, the transformation of Y
into wgs for Observation number 5 from the control group gives

Was = |Yas—Mdg | =5-65=15.

The transformation of Y, into u,s for Observation number 5
from the control group gives

L _N(N-15) (Yas— Mqa.)* — 588,
@ (N-1)(N-2)

32(32-1.5)(5-6.75)2 - .5x 58
- 31 x 30

=3.1828.

The recoded scores are given in Tables 3 and 4. The ANOVA ta-
ble obtained from the analysis of transformation w,; is given in
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Table 3: Recoded scores: control group.

control group
Number of Frequency Wy Ugs
words recalled

5 5 1.5 3.1828
6 11 0.5 0.5591
7 9 0.5 0.0344
8 3 1.5 1.6086
9 2 2.5 5.2817
10 2 3.5 11.0538

Table 4: Recoded scores: experimental group.

Experimental Group

Number of Frequency Wy Ugs
words recalled

5 0 4.5 —

6 1 3.5 10.4352
7 2 2.5 4.8599
8 4 1.5 1.3836
9 9 0.5 0.0061
10 16 0.5 0.7277
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Table 5: ANOVA.Homogeneity of variance test. Recoded scores:
Was. (Median)

Source df S§ MS F Pr(F)
Experimental 1 0.77 0.77 1.16""° .2857
Error 62 41.09 0.66

Total 63 41.86

ns: No significant difference.

Table 6: ANOVA.Homogeneity of variance test. Recoded scores: 1.
(O'Brien test).

Source df S§ MS F Pr(F)
Experimental 1 790 7.90 1.29" 2595
Error 62 378.59 6.11

Total 63 386.49

ns: No significant difference..

Table 5. The ANOVA table obtained from the analysis of transfor-
mation u,; is given in Table 6.

Looking at Tables 5 and 6 indicates that we cannot show that
the ceiling effect observed in Figure 1 significantly reduces the vari-
ance of the experimental group compared to the control group.
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