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Introduction

Recent work in automatic face recognition indicates that the major problem in
modeling face processing is to find a meaningful representation for the faces. The
difficulty arises from the often noted fact that human faces constitute a set of highly
similar objects. Hence, a first constraint imposed upon a facial representation is
that it must capture the subtle variations in features and configurations of features
that make one face different from all other faces. This constraint makes an object-
centered representation, such as the structural representation proposed by Marr and
Nishihara (1978), or the geon-based representation proposed by Biederman (1987),
an improbable candidate. While this type of representation seems to be appropriate
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Figure 1. Illustration of the effect of expression, orientation, or lighting on the perceptual
appearance of a face.

for assigning objects to basic level categories (Rosch, 1978), its extension to faces is
problematic: broadly similar 3D structures would be obtained for all faces and no
discrimination would be possible. The problem of quantifying similarity is explored
in greater depth in the chapters of O’Toole, Wenger and Townsend; and Steyners and
Busey, this volume.

An additional difficulty comes from the fact that the perceptual appearance of
a face changes dramatically with changes in expression, orientation, or lighting (cf.
Figure 1). Hence, a second constraint imposed upon a face representation is that it
should be flexible enough to accommodate these transformations. Early models of face
processing attempted to solve this problem by using a geometrical coding of faces. Key
features were localized in the faces, and various measurements taken between these key
features. This type of coding has the advantages of (a) capturing information useful
for discriminating among faces, and (b) being relatively insensitive to transformations.
Its main drawback is that it discards texture information that might be useful for tasks
such as sex or race categorization or identifying the expression or the orientation of
a face.

To preserve the texture information useful for performing categorization tasks,
most of the recent computational models of face processing operate directly on an
image-based coding of the faces (i.e., a face is represented as a 2D array of pixel
intensities). The main problem, however, with this type of representation is that it
is not inherently 3D invariant. As a consequence, most of the current models using
this type of coding are not able to handle changes in facial expression, lighting, or
orientation (Turk & Pentland, 1991). However, it should be noted that these models
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generally operate on a single frontal view of the face. A first question, therefore is:
Can this limitation of 2D pixel based representations be overcome by using a set of
2D views sampling the rotation of the head from frontal to profile views? A second
question is: How much information can be transferred from a single view of a face?

The main purpose of the work presented here is to address these two questions.
After a brief presentation of autoassociative memories, we present recent data showing
that a linear autoassociative memory trained to reconstruct multiple views of faces
is able to generalize to new views of the faces. We then examine further the ability
of the memory to transfer information from single views of faces, and compare the
performance of the memory with that of human subjects on a similar task. Finally,
we discuss our results in terms of a dual strategy approach to processing face images,
and suggest a possible way of modeling such a dual process.

Autoassociative memory

Overview

In this section we provide an intuitive overview of the autoassociative memory
model, also called the autoassociator or sometimes, in the face literature, the principal
component (pca) model. A more formal presentation can be found in several sources,
our own favorite ones being (surprisingly?) Abdi (1994a and b), or Abdi, Valentin,
and Edelman (1999, and in press). A mathematical précis can also be found in
Appendix A.

An autoassociative memory is a neural network model in which the association
between an input pattern and itself is learned. An important property of the autoas-
sociative memory is to act as a pattern completion device because it is capable of
reconstructing learned patterns when noisy or incomplete versions of these patterns
are used as “memory keys.” From a statistical point of view, storing patterns in an
autoassociative memory is equivalent to performing a principal component analysis
of the set of faces (Abdi, 1988). In this framework, the principal components, often
referred to as eigenfaces (Turk & Pentland, 1991), are interpreted as macro-features
describing the faces.

Since Kohonen (1977) first demonstrated that an autoassociative memory can
be used as a content addressable memory for face images, autoassociative memo-
ries have been successfully applied to the problems of face recognition (Millward &
O’Toole, 1986), and categorization along visually based dimensions such as sex or
race (Abdi, Valentin, Edelman, & O’Toole, 1995; Edelman, Valentin, & Abdi, 1998;
O’Toole, Abdi, Deffenbacher, & Valentin, 1993; Valentin, Abdi, Edelman, & O’Toole,
1997). Although not intended as a general solution to the problem of face processing,
autoassociative memories do provide a way of simulating some well-known psychologi-
cal phenomena such as the other-race effect (O’Toole, Deffenbacher, Abdi, & Bartlett,
1991), the effect of typicality (O’Toole, Abdi, Deffenbacher, & Valentin, 1995), and
the 3/4 view advantage (i.e., 3/4 views are better recognized than either full face or
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profile views, see Valentin, Abdi, & Edelman, 1997). The main problem of this type
of approach is that, contrary to human observers, an autoassociative memory trained
on face images is quite sensitive to changes in size, background, and to a lesser degree,
lighting condition. The size and background problem, however, can easily be solved
by automatically detecting the outline of the face in the picture and re-scaling it prior
to recognition testing (Turk & Pentland, 1991).

What is an autoassociator?

To store a face in an autoassociative memory, the face image is first captured
as grey-scale (or digitized) and transformed into a vector (called a face vector) by
concatenating the columns of the corresponding image. A face vector element gives
the value of the gray level of the corresponding pixel of the face image (this step is
described in Figure 2a). The magnitude of the vector is, for convenience, normalized
(i.e., its length, or magnitude becomes 1). This has the effect of controlling for the
overall illumination of the face image.

Next, each element of the face vector is used as input to a cell (or linear unit)
of the autoassociative memory. The number of cells of the memory is equal to the
number of elements in the vector, and each element of the vector is associated to
one and only one cell. The cells are linked to each other by weighted connections.
To store a pattern, the level of activation of each cell is set (i.e., “clamped”) to the
value of the corresponding image pixel. The cell then propagates its activation to
all the other cells through the weighted inter-cell connections. This is illustrated by
Figure 2b.

The “response” of the memory is obtained by letting each cell compute its
new level of activation as the weighted sum of the activation of the other cells: The
weights being given by the connections between cells. The response can be visualized
by creating an image in which the gray level of each pixel is proportional to the
activation of the corresponding cell. This is illustrated by Figure 2c, which shows the
answer of an autoassociative memory prompted with the face of “Toto.” Supposing
that only smiling faces were learned, the memory displays its pattern completion
property when responding to a new view of “grumpy Toto” by giving back a smiling
face (presumably a “smiling Toto”).

The quality of recall is evaluated by comparing input and output. The more
similar input and output are, the more likely the input was previously learned by
the memory. Among the several ways of evaluating similarity between face images,
the most direct one is visual inspection. A numerical index can be computed as the
squared coefficient of correlation between face vectors. This index varies between 0
(complete independence) and 1 (identical images). A variation of the coefficient of
correlation is the cosine between face vectors (for all practical purposes, these two
indices can be considered equivalent).
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Figure 2. The major steps of an Autoassociative memory. (a) Step 1. A face image is
transformed into a face vector. (b) Step 2. To each pixel of the face vector corresponds
a cell. Cells communicate through weighted connections. (c) Step 3. The answer of the
memory to a face is obtained by clamping each unit to the gray value of the corresponding
pixel. Then each unit computes its activation. An image is obtained by displaying the
activation of the units as gray values. (d) Eigenfaces: The response of the matrix to an
eigenface (i.e., an eigenvector of a face matrix) looks the same as the input.
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Guest star: The eigenface!

The similarity between input and output patterns is used as an index of fa-
miliarity. Cast into a psychological framework, a correlation of 1 between input and
output is equivalent to being certain that the input is known. If, in fact, the input
was not learned, a correlation of 1 corresponds to making a false alarm with absolute
confidence. For a given set of connection weights, it is possible to find these patterns.
They are called the eigenvectors (from the German eigen meaning characteristic or
specific) of the weight matrix (cf. Figure 2d). In the face literature, they are often
labeled eigenfaces. In brief, an eigenvector has the property that the response of the
matrix is proportional to the input. The coefficient of proportionality is called the
eigenvalue associated to the eigenvector. Eigenvectors and eigenvalues constitute the
major tools for analyzing the linear autoassociator. The formal notion of eigenvec-
tor corresponds to the psychological concepts of prototype and macrofeatures. An
eigenvector can be seen as a prototype, because, like a prototype, it corresponds to
a best form abstracted from the data, and therefore creates a maximal false alarm.
Eigenvectors can also be seen as macrofeatures because they can be used to build
back the learned faces (i.e., any learned face can be reconstructed as a weighted sum
of eigenvectors as illustrated in Figure 3). Figure 7 shows some eigenfaces.

eigenface 2

.8x 1.5x

Toto Some of
eigenface 1

Some of

Figure 3. Toto is reconstructed as a weighted sum of eigenfaces.

Learning

The autoassociative memory has two main ways of learning: Hebbian and
Widrow-Hoff. Both are iterative procedures, which means that they process one
“stimulus-response” at a time. Each processing step entails small modifications of
the set of connection weights.

Hebbian learning sets the connection weights by increasing the value of the
connection between cells every time the corresponding pixels are in the same state,
and decreasing the value of the connection every time the corresponding pixels are
in different states. As a consequence, after learning, the connections reflect the co-
variations between pixels. Widrow-Hoff is a more sophisticated rule, which essentially
learns by taking into account the difference between the actual answer of the memory
and the target answer (i.e., the to-be-learned stimulus). The connection weights
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are modified such that the magnitude of this difference will be smaller for a second
(immediate) presentation of the same stimulus. After a learning period long enough,
and if the learning parameters were properly chosen, Widrow-Hoff learning will find
a set of weights that minimizes the sum of the squared errors for the set of faces
learned.

Transfer from multiple views
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Figure 4. Illustration of the Valentin and Abdi (1996) testing paradigm.

Valentin and Abdi (1996) examined whether a set of 2D representations pro-
vides enough information for an autoassociative memory to recognize faces from new
orientations. They stored 15 target faces in an autoassociative memory using com-
plete Widrow-Hoff learning. The faces were represented by either a single, four, or
nine views sampling the rotation of the head from full-face to profile. After learn-
ing completion (i.e., when all the images were perfectly reconstructed), new views of
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Figure 5. Transfer performance of the autoassociative memory model: Area under roc as
a function of learning conditions and view angles. The white bars represent the performance
when a full-face was presented at test, the striped bars the performance when a 3/4 view was
presented at test, and the cross-hatched bars the performance when a profile was presented
at test.

the target faces and an equal number of distractor faces were presented as input to
the memory. For each view, a cosine was computed between the original and recon-
structed images. The cosine provides an indication of the familiarity of the model
with the faces. The higher the cosine is, the more probable it is that the face has been
learned. The recognition task was implemented by setting a criterion cosine and by
categorizing each face with a cosine greater than the criterion as “old” or learned and
each face with a cosine smaller than the criterion as “new” (cf. Figure 4). Different
criteria were used so as to generate a receiver operating characteristic (roc) for each
learning condition. The area under the curve (i.e., gray area in Figure 4) provides
an unbiased estimate of the proportion of correct classification, with a chance level
at 50% (Green and Swets, 1966).

The results are summarized in Figure 5. In the 1-view condition, the memory
is not able to generalize to a new view of a learned face, no matter which view is
presented at test (area under roc≈ .5). In the 4-view condition, with either a frontal
or a 3/4 test view, the performance of the memory is somewhat better than in the
1-view condition. In the 9-view condition, the memory is clearly able to discriminate
between old and new faces. In other words, when an autoassociative memory is made
of single views of faces, its ability to recognize faces from new view angles is somewhat
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Figure 6. Normalized projections of 60 faces, each represented by 10 views (for a total of 600
images) sampling the rotation in depth from full-face to profile, onto different eigenvectors.
The horizontal axes represent the face images. The first 10 images represent the 10 views
of the first face, the next 10 images the 10 views of the second face, etc. The vertical axes
represent the projections, or coordinates, of the faces onto the eigenvectors. The projection
of a face onto an eigenvector indicates the importance of the face for the eigenvector. The
higher the value is, the more the face contributes to the eigenvector.

similar to that observed for human subjects presented with unfamiliar faces (i.e., it is
sensitive to depth rotation). In contrast, when the memory is trained with multiple
views sampling the rotation of the head from full-face to profile, its performance
parallels that of human subjects presented with familiar faces (i.e., it becomes less
sensitive to depth rotation).

Using an autoassociative memory as a content addressable memory for faces
is equivalent to performing a principal component analysis on a set of face images
(Abdi, 1988). Thus, standard statistical techniques can be used to interpret and
represent the information contained in the set of faces (O’Toole, Abdi, Deffenbacher,
& Valentin, 1993). For example, Figure 6 shows the projections of 600 face images
(60 faces × 10 views) onto (a) the three eigenvectors with the largest eigenvalues, (b)
three eigenvectors with intermediary eigenvalues, and (c) the three eigenvectors with
the smallest eigenvalues of the set of faces. This figure shows that different ranges of
eigenvectors convey different types of information. Specifically:
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• Eigenvectors with large eigenvalues contain information relative to the orien-
tation and general shape of the faces. These eigenvectors are useful in detecting the
particular orientation of faces.

• Eigenvectors with intermediate eigenvalues contain information specific to
small sets of faces across orientations. These eigenvectors are useful in interpolating
between views of particular faces.

• Eigenvectors with small eigenvalues contain information relative to the iden-
tity of the faces. These eigenvectors are useful for discriminating between faces.

An examination of individual eigenvectors confirms this dissociation of orienta-
tion and identity-specific information. As an illustration, Figure 7 displays the first
three and the last three eigenvectors of the autoassociative memory. Clearly, the last
three eigenvectors are specific to particular faces in a particular orientation. In con-
trast, the first three eigenvectors capture information that is common to many faces.
The first eigenvector represents a kind of average across faces and orientations. The
second and third eigenvectors oppose profile to frontal views for all the faces.

This dissociation is reminiscent of some physiological data. Perrett, Rolls, and
Caan (1982) found a population of cells in the fundus of the superior temporal sulcus
of three rhesus monkeys that were selectively responsive to human and monkey faces.
These “face selective cells” responded to many different faces but were able to cope
only with limited depth rotations. Rotating the faces from full-face to profile reduced
or eliminated the response of 60% of the cells. Even rotations as small as 10 or 20
degrees produced a substantial reduction of the responses. In addition to the cells
tuned to specific views, Perrett et al. (1986) reported finding some cells, or groups
of cells, responding to specific faces across different viewing orientations. Hasselmo,
Rolls, Baylis, and Nalwa (1989) found 37 face-selective neurons in the superior tem-
poral cortex of three macaque monkeys. Consistent with the findings of Perrett et
al. (1982, 1986), they reported that, out of these 37 cells, 18 showed selectivity for
specific faces across different view angles. Out of the 19 remaining neurons, 16 showed
selectivity for specific views across the faces. In addition, they reported that, among
the 18 identity-specific neurons, 15 showed some response modulations as a function
of the viewing angle.

The coexistence of view-independent and view-dependent neurons in the superior
temporal sulcus has been interpreted by Hasselmo et al. (1989) as an indication that
object-centered representations are built from different views of the faces in this area.
This coexistence can also be interpreted as evidence for the existence of two kinds of
facial information simultaneously stored in memory. The first one, view-independent,
would be useful to identify a particular face and the second one, view-specific, would
be useful to remember episodic information about the face. According to Bruce
(1982), both view-independent (i.e., structural) and view-dependent (i.e., pictorial)
information would be stored for familiar faces, but only view-dependent information
would be stored for unfamiliar faces.

In conclusion, Valentin and Abdi’s results suggest that faces might be repre-
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Figure 7. The first three and the last three eigenvectors of a face autoassociative memory
trained to reconstruct 40 faces each represented by 10 views sampling the rotation of the
head from full-face to profile.

sented in memory using a set of 2D view-dependent representations. The only con-
straint is that the learned views need to be spaced closely enough for the model to
use interpolation between two views in order to transfer to new views. The remaining
question is: How close should the views be? To answer this question we analyzed fur-
ther the ability of both human observers and an autoassociative memory to transfer
information from single views of faces.

Transfer from single view

Experiment 1

Over the past 20 years several studies have shown that human observers’ recog-
nition performance is significantly impaired when faces are rotated in depth between
learning and test. However, because these studies used only a small number of rota-
tions (0, 45, and 90 degrees), they were not able to determine how much faces can be
rotated in depth between learning and test before impairing recognition performance.
The purpose of the present experiment was to extend the scope of the previous studies
by using eight rotation conditions (0, 10, 20, 30, 40, 50, 60, and 90) between learning
and test. This approach provides the data for a fine-grained analysis of the ability of
human observers to transfer information from single views of faces.
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Methods
Observers.

Sixty-four undergraduate students from the School of Human Development of
the University of Texas at Dallas (utd) were recruited in exchange for a core psy-
chology course research credit. The fact that they were not familiar with the faces
was verified at the end of the experiment, and only the data obtained from observers
unfamiliar with the faces were analyzed.

Stimuli. Forty Caucasian female graduate students, staff and faculty members of the
School of Human Development participated in the creation of a database. Twenty
images per person were captured by a video camera and digitized with a resolution
of 256 gray levels by a RasterOps 24STV board connected to an Apple Macintosh
Quadra 610. The 20 views included one series of ten views sampling the rotation of
the head from full-face to right profile with about 10-degree steps (i.e., 0, 10, 20, 30,
40, 50, 60, 70, 80, and 90 degrees from the camera) and two series of five views, each
sampling the rotation of the head from full-face to right profile with about 20-degree
steps (i.e., 0, 20, 50, 70, and 90 degrees from the camera).

The collection of the images was done as follows. Each person was seated in
front of the video camera and asked to rotate her head in progressive steps from
full-face to right profile while keeping the same neutral expression. To ensure that
all the faces were taken at roughly the same angle of rotation, red vertical lines were
drawn on the wall beside the video camera to indicate the different angles at which
the images were to be captured. After facing the camera directly (frontal view), each
person was instructed to point her nose at each of these lines, in turn. The lighting
conditions were the same for every person. None of the captured face images showed
any major distinguishing characteristics, such as jewelry, glasses, or clothing. All the
images were roughly aligned along the axis of the eyes so that the eyes of all faces
were at the same height. The final images were 230 pixels wide and 240 pixels high.

Thirty faces were selected from the database to be used in turn as targets or
distractors. The ten remaining faces were used as fillers during the learning session.

Experimental design. The observers were tested on a standard yes-no recognition task.
A one-factor between-subject factorial design was used with angle of rotation between
learning and test (0, 10, 20, 30, 40, 50, 60, 90 degrees) as the independent variable
and recognition accuracy, decision bias, and reaction time as dependent variables.

A counterbalancing procedure was used to ensure that every face appeared
equally often as target and distractor. For both learning and testing, the order of
presentation of the faces was randomized and a different order used for each observer.
In the 0-degree condition, different pictures representing the same orientation (e.g.,
two different images of a profile view) of the target faces were used for learning and
testing.

Apparatus. Experimentations were performed with programs written in the C lan-
guage on a Sun SparcStation 5 running X11 under unix.

Procedure. The experiment consisted of two sessions, learning and testing, separated
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Figure 8. Examples of 20-degree rotation conditions.

by a 10-minute break. During the learning phase, observers were shown 25 faces (15
targets and 10 fillers), each presented on a computer screen for 4 seconds, with a
4-second inter-stimulus interval. An approximately equal number of faces appeared
in each of 10 possible orientations1 (0, 10, 20, 30, 40, 50, 60, 70, 80 and 90-degree
rotation from a frontal view). Observers were asked to watch the faces and to try
to memorize them. They were informed that a recognition test would follow, and
that the faces at test would not necessarily be in the same orientation as originally
presented. During the testing phase, observers were shown a series of 30 faces (the
15 targets mixed with 15 distractors). For 1/8 of the observers, the target faces
were in the same orientation as during learning. For the remaining observers, the
target faces were rotated in depth with either a 10, 20, 30, 40, 50, 60, or 90-degree
rotation between learning and testing. Figure 8 displays some examples of rotations
used in the experiment. Note from this figure that any given rotation condition can
be obtained with different pairs of views. For example, a 20-degree rotation can be
obtained by presenting a target face in a 30-degree orientation during learning and in
a 50-degree orientation during testing, or by presenting it in a 90-degree orientation
during learning and in a 70-degree orientation during testing.

For each face, observers were instructed to press the right mouse button if
they thought the face was presented during the learning session and to press the left
mouse button if they thought it was not presented during the learning session. The
faces remained on the computer screen until the observers indicated their answer by
pressing one of the mouse buttons. As reaction time was recorded, observers were
asked to answer as accurately and as quickly as possible.

Results.
Results were analyzed using signal detection methodology. Each observer

contributed an accuracy index (d′ = zhit − zfalse-alarm) and a bias index [C =
−1

2
(zhit + zfalse-alarm)] calculated on the basis of 15 scores2 . Hit rates of 100 per-

1In the 0-degree condition, we used only the orientations for which two different images were
available (i.e., 0, 20, 50, 70, and 90-degree rotation from a frontal view).

2Note that the formula used to compute d′ depends upon the way the z-transform is formalized.
As a consequence, different authors (e.g., Mc Nicol, 1972) will give apparently different formulas.
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cent and false-alarm rates of 0 percent were converted to 1− 1
2N

= .97 and 1
2N

= .03,
respectively, with N representing the number of scores (cf. Macmillan & Creelman,
1991), thus leading to a maximum value of d′ equal to 3.76. Separate one-factor
between-subject anovas3 were carried out for d′ and C. An additional analysis was
then carried out to examine the pattern of response times recorded for correct re-
sponses to target faces (hits).

Recognition accuracy. The mean d′ values are shown in Figure 9A. The anova

But, indeed, mutatis mutandis, the result is always the same.
3Using analysis of variance with d′ carries the potential problem of violation of the assumptions

of normality and homogeneity of variance. When the design is balanced and when the number of
degrees of freedom is large enough (both conditions being fulfilled here), however, this problem is of
no practical consequences (see, e.g., Abdi, 1987, p. 128 ff.).
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Figure 10. Linear regression of the average d′s as a function of angle of rotation. The
black circles represent the average d′s, the solid lines theconfidence interval, and the dashed
lines the regression lines. The left panel represents a single-linear-function regression. The
right panel represents a two-linear-function regression. The best fit is obtained with the
two-function regression.

reveals a significant effect of angle of rotation, F (7, 56) = 3.96, MS e = .39, p < .01.
Performance accuracy decreases as an inverse function of the angle of rotation between
learning and test from 2.15 (when no change occurs between learning and test) to
1.02 (after 90 degrees). Figures 9C and D show that this decrease is due to a clear
diminution of hits and a slight augmentation of false alarms.

A trend analysis, shows that, only 30% of the total variance in accuracy per-
formance can be explained by the existence of a linear relationship between angle
of rotation and recognition accuracy. Moreover, a series of linear regression analy-
ses (Figure 10) carried out on the average d′s shows that a two-function regression
provides a better fit (R2 = .91) than a one-function regression (R2 = .86). Finally,
pairwise comparisons using a Duncan test show that the rotation conditions fall into
two groups (0, 10, 20, and 30, on one hand, and 40, 50, 60, and 90, on the other
hand), which do not vary significantly within themselves. These results suggest that
human observers are able to cope with up to 30 degrees depth rotation (d′ = 1.94,
on the average), but after this cut-off point, a significant decrement in performance
is observed (d′ = 1.17, on the average).

Decision bias. The mean C values are shown in Figure 9B. The anova fails to reveal
a global effect of angle of rotation on decision bias, F (7, 56) = 1.56, MS e = .19,
p > .05. However, pairwise comparisons using a Duncan test reveal a significant
difference in the decision criterion used by the observers when no change occurred
between learning and test and after either a 30- or a 50-degree rotation. Observers
tend to be liberal (i.e., they tend to say yes) in the 0 condition and conservative (i.e.,
they tend to say no) in the 30, 50, and to a lesser extent 90 degree conditions. In the
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Figure 11. Reaction times for correct recognition averaged across observers as a function
of the rotation angle between learning and testing. Error bars show the standard error of
the mean.

other conditions, observers tend to be neutral (bias close to zero).
Reaction time. The median of each observer’s reaction time distribution for hit was
calculated across faces and used as a dependent variable for the following analyses.
Figure 11 shows the average reaction times as a function of the angle of rotation
between learning and test. The data from one outlier observer in Condition 60-
degree (further than 2 standard deviations from the average) have been discarded for
this analysis. This figure shows that, except for a small dip at 30 degrees, reaction
time increases as a function of the rotation angle up to 60 degrees and decreases
from 60 to 90 degrees. However, a trend analysis shows that only 10% of the total
variance of reaction times can be explained by the existence of a linear relationship
between angle of rotation and reaction time. Pairwise comparisons using a Duncan
test indicate that the difference between 60 and 90 degrees is significant (α = .05).

Discussion.
The results of this experiment replicate the finding that human observers’ recog-

nition performance for unfamiliar faces is affected by a change in rotation between
learning and test. Precisely, it was found that the ability of observers to recognize a
face previously seen from a single viewpoint is stable up to 30 degrees, and deteri-
orates when the change between learning and test involves a depth rotation greater
than 30 degrees. It should be noted, however, that, although observers become sig-
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nificantly less accurate after 30 degrees, their performance is still above chance (d′

reliably different from 0).
The patterns of results for d′, C, and reaction time obtained in this experiment

provide some insight into the strategies or kind of information that might be used by
human observers to solve this type of recognition task. First, the small amount of
variance explained by a linear relationship between angle of rotation and accuracy,
on one hand, and angle of rotation and reaction time on the other hand (30% and
10% respectively), along with the non-monotonic aspect of the curves presented in
Figures 9 and 11, makes an interpretation in terms of mental rotation unlikely (cf.
Shepard & Cooper, 1982). In this context, a mental rotation theory would predict
that the reaction time necessary to mentally rotate the faces should increase as a
monotonic function of the rotation angle applied between learning and test. The fact
that the observed reaction time was significantly smaller when the faces were rotated
by 90 degrees than when they were rotated by 60 degrees, thus, cannot be accounted
for by such a theory.

Second, the drop in recognition accuracy observed after 30 degrees associated
with the changes of criterion—first from liberal (0 degrees) to conservative (30 de-
grees), then in a more chaotic way from 40 degrees to 90 degrees—suggests that
different transfer strategies might be used by human observers to recognize faces
presented in new orientations, depending on the amount of transformation from the
original image. Although it is not clear from these data which type of information
is transferred in such tasks, we can speculate that, up to 30 degrees, observers tend
to use global configural information associated with a matching strategy. Whereas
this strategy is very efficient when no major changes occur between learning and test,
it becomes less efficient when the difference between the original image and the im-
age presented at test increases. From our data, it seems that up to 30 degrees, the
similarity between the original image and the rotated image is large enough to allow
such a configural transfer. However, after 30 degrees, the similarity between original
and rotated images seems to be too small to allow this type of transfer. If this is
the case, the same decline in performance after 30 degrees should be observed for an
autoassociative memory, because the ability of the memory to recognize a face from
a new orientation is based essentially on the existence of a correlation between the
original view of the face and the transformed one. This conjecture will be tested in
the following simulations.

After a 30-degree rotation, when no configural transfer is possible, observers
seem able to transfer another type of information that is somewhat invariant to
depth rotation4. Although this information is not as useful as the global configu-
ral information to perform the task, it allows for a recognition performance above
chance level. The nature of this invariant information, however, is still unclear and
will be reexamined later in light of the results obtained from the simulations and

4Note that this type of information could also, in some cases, be used to recognize faces after a
rotation smaller than 30 degrees.
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Experiment 2.

Simulations

The purpose of this series of simulations was to test the ability of an autoasso-
ciative memory to generalize to new views of faces learned from a single view. The
performance of the memory was then compared with the performance of the human
observers of Experiment 1. If our interpretation of the human data is correct, the
performance of the model should also break down after a 30-degree rotation between
learning and test. The method used was similar to that of Valentin and Abdi (1996)
with the exception that a d′ measure was used to evaluate the performance of the
memory instead of a roc curve.

Methods
Stimuli.

The same 30 faces (15 targets and 15 distractors) and 10 fillers as in Experiment
1 were used as stimuli.
Experimental design. As in Experiment 1, a one-factor design was used with angle
of rotation between learning and test (0, 10, 20, 30, 40, 50, 60, and 90 degrees) as
the independent variable and quality of reconstruction and recognition accuracy as
dependent variables.

Eight series of simulations were carried out, one for each rotation condition. In
each series, eight separate simulations were carried out so that every face appeared
as target and distractor and in each transformation condition. As in Experiment 1,
different pictures (in the same orientation) of the target faces were used for learning
and testing in the 0-degree condition.
Procedure. This simulation included two phases, a learning phase and a testing phase,
in which the ability of the memory to “recognize” learned faces from new views
was tested. During the learning phase, 15 targets and 10 fillers were stored in an
autoassociative memory using complete Widrow-Hoff learning. An approximately
equal number of faces appeared in each of the 10 possible view orientations5 (0, 10,
20, 30, 40, 50, 60, 70, 80, and 90 degrees from full-face). At the end of learning, all the
faces in the learning set were perfectly reconstructed by the memory (i.e., the cosines
between original and reconstructed faces were equal to 1). After learning completion,
the weights of the autoassociative memory were fixed. Thirty faces (15 new images
of the target faces and 15 distractors) were used as input to the memory. The new
images of the targets were rotated in depth with either 0, 10, 20, 30, 40, 50, 60, or 90
degrees of rotation from the view presented during learning. For each face, targets and
distractors, the quality of the response of the memory was evaluated by computing
the cosine between reconstructed and original images. To simulate human observers’
decision procedure according to signal detection theory, we computed d′ assuming the

5Again, only the orientations for which two images were available were used in the 0-degree
condition (i.e., 0, 20, 50, 70, and 90-degrees from a frontal view).
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Figure 12. d′ (left panel) and cosines (right panel) averaged across simulations as a function
of the angle of rotation between learning and test. In the right panel, the squares represent
the distractors and the circles the targets. Error bars show the standard error of the mean.

model behaves like the ideal observer. This was done by setting a criterion cosine
(i.e., the average of the target and distractor cosines), and by categorizing each face
with a cosine greater than the criterion as “learned” and each face with a cosine
smaller than the criterion as “new.”

Results.

Results were analyzed using standard signal detection methodology. For each
simulation, a d′ was calculated on the basis of 15 scores. A one-factor between-
subject anova was carried out with angle of rotation as the independent variable
and recognition accuracy (d′) as the dependent variable.

The mean d′ values are shown as a function of the angle of rotation between
learning and testing in Figure 12A. From this figure, it appears that the performance
of the memory decreases as a function of the difference between learned and test views,
F (7, 50) = 16.01, MS e = 1.54, p < .0001. Pairwise comparisons using a Duncan test
reveal a significant decrease in performance between 0 and 10 degrees and between
10 and 20 degrees. After 30 degrees, the memory is not able to differentiate between
learned and new faces (d′ ≈ 0). As an illustration, Figure 12B shows the average
cosines for target and distractor faces as a function of the angle of rotation between
learning and test. This figure shows that, up to 30 degrees, target faces are better
reconstructed, on the average, than distractor faces. After 30 degrees, target faces
are no longer better reconstructed than distractor faces, and therefore, the memory
is unable to discriminate between these two classes of faces.
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Discussion.

Two main points can be noted from this series of simulations. First, the maxi-
mum amount of depth rotation an autoassociative memory trained on single views of
faces can handle is about 30 degrees. This cut-off point is similar to that observed for
human observers in Experiment 1. Because the performance of the memory is directly
based on the pixel correlation between the input image and the face images stored in
the memory, this result provides some support for the idea that a configural transfer
based on global perceptual similarity between learned and new views is possible up to
only 30 degrees. The fact that the memory performs at chance level (d′ ≈ 0) beyond
this point indicates that there is not enough common information between the test
image and any of the learned images for the memory to reconstruct the face. The
second conclusion we can draw from this simulation is that, unlike human observers
in Experiment 1, the autoassociative memory does not extract invariant information
from single views of faces. After 30 degrees, the memory performs at chance level,
whereas human observers were still performing above chance (d′ ≈ 1).

A possible explanation for the human observers’ advantage can be found in the
difference of learning history between human observers and the autoassociative mem-
ory. Whereas, in both cases, the specific faces used as stimuli are unfamiliar, human
observers have a large amount of experience with this particular class of stimuli, but
the autoassociative memory does not. In other words, the difference in performance
between human observers and the autoassociative model might be attributable to a
difference in the level of general familiarity with Caucasian faces. This hypothesis is
tested in Experiment 2 using human observers with a lower level of general familiarity
with Caucasian faces than observers in Experiment 1.

Experiment 2

The purpose of this second experiment is to examine how observers’ general
familiarity with a class of faces affects the ability to extract invariant information
from single views of faces. The rationale for this experiment is as follows: If the
level of recognition performance observed in Experiment 1 in the 60 and 90-degree
conditions is due to the fact that observers were extremely familiar with the class
of faces (i.e., they have encountered many Caucasian faces before the experiment),
then a lower level of performance should be observed for observers unfamiliar with
this class of faces. To test this hypothesis, we replicated Experiment 1 using Asian
observers, recently established in the United States, who had only limited exposure
to Caucasian faces during their childhood. If the general familiarity hypothesis holds
true, Asian observers’ performance should be more disrupted by a rotation of the
faces between learning and test than that of Caucasian observers and closer to that
of the autoassociative model. However, if the ability to extract invariant information
is not linked to the general familiarity with the class of faces, Asian observers should
not be more affected by depth rotation of these faces than Caucasian observers.
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Figure 13. Average d′ (left panel) and C (right panel) as a function of the rotation angle
between learning and test. Error bars show the standard error of the mean.

Methods
Observers.

Thirty-four Asian observers (Korean, Chinese, and Vietnamese), living in the
United States for less than five years, volunteered to take part in the experiment.
None of the observers were familiar with the faces.

Stimuli. The same 30 faces and 10 fillers as in Experiment 1 were used as stimuli.

Experimental design. The design was the same as in Experiment 1 with the exception
that because of the small number of observers available only five angles of rotation
were used (0, 20, 50, 70, and 90 degrees) as the between-subject factor. In addition,
the paucity of observers yielded a slightly unbalanced design with respectively 7, 7,
7, 6, and 7 observers per condition.

Procedure. The procedure was the same as in Experiment 1.

Results.

As for the previous experiment, results were analyzed using signal detection
methodology. Each observer contributed a d′ and a bias index C, calculated on the
basis of 15 scores. Separate one-factor between-subject anovas were carried out for
d′ and C.

Recognition accuracy. The mean d′ values are shown in Figure 13A. The anova
reveals a significant effect of angle of rotation, F (4, 29) = 6.11, MS e = .16, p < .001.
As for Caucasian observers, performance decreases as an inverse function of the angle
of rotation between learning and test—from 1.55 in the 0 and 20-degree conditions
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to .80 in the 90-degree condition. Pairwise comparisons using a Duncan test show
that accuracy performance fell into two groups corresponding to the 0 and 20-degree
conditions on one hand, and the 50, 70, and 90-degree conditions on the other hand.
The average d′ in the first group is 1.55 and the average d′ in the second group is .85,
thus indicating a global decrement of .70. As a comparison, the global decrement in
Experiment 1 (Caucasian observers) was .77.
Decision bias. The mean C values are shown in Figure 13B. The anova shows a
significant effect of angle of rotation, F (4, 29) = 2.59, MS e = .12, p < .05. Observers
tend to use a stricter criterion with a larger change in rotation. Pairwise comparisons
using a Duncan test reveal a significant change in bias after 50 degrees: Before this
cut-off point (i.e., 0, 20 and 50-degree condition) the average value for C is .12,
indicating a close to neutral decision bias. After this cut-off point (70 and 90-degree
conditions), the average value for C is .50, indicating a more conservative decision
bias.

Comparison between Caucasian and Asian observers.
An additional analysis was performed to compare the recognition accuracy of

Caucasian and Asian observers. The data corresponding to the 0, 20, 50, 70, and
90-degree conditions of Experiment 1 were extracted and analyzed in conjunction
with the data of Experiment 2. An unbalanced two-factor between-subject anova
with race of observers and angle of rotation as independent variables and d′ as the
dependent variable was carried out (using sas proc glm Type III sums of squares).
The results show:

• A main effect of angle of rotation, F (4, 64) = 9.51, MS e = 1.62, p < .0001. On
the whole, performance decreases when faces are rotated in depth between learning
and testing.

• A main effect of race of observers, F (1, 64) = 6.51, MS e = 1.62, p < .01. On
the whole, Caucasian observers are more accurate than Asian observers (d′ = 1.46 vs
1.14, respectively).

• No significant interaction between angle of rotation and race: Asian observers
are no more affected by a rotation in depth between learning and test than Caucasian
observers. Thus indicating that, in this experiment, rotation in depth is not more
disruptive for observers with a low general familiarity with the class of faces than for
observers with a high general familiarity.

Discussion.
The results of this experiment show that, indeed, human recognition perfor-

mance is affected by the general familiarity with the class of faces. As expected,
recognition accuracy decreases with the level of general familiarity with the faces.
Asian observers are less accurate in a recognition task involving Caucasian faces than
Caucasian observers are. But, contrary to an earlier finding by Ellis and Deregowsky
(1981), this experiment fails to reveal an interaction between the angle of rotation
and the race of observers. Asian observers recognizing Caucasian faces are not more



2D OR NOT 2D? THAT IS THE QUESTION! 23

Angle of rotation
0 20 50 70 90

A
cc

ur
ac

y 
(d

')

0

1

2

3

Caucasian observers

Asian observers

Autoassociative memory

Figure 14. Comparison of the accuracy performance (d′) for Caucasian observers (Exp. 1),
Asian observers (Exp. 2), and the autoassociative memory. Note that both Asian and
Caucasian observers outperformed the computational model.

affected by depth rotation than Caucasian observers recognizing the same faces. In
fact, Asian observers even seem to be less affected by a rotation of 20 degrees than
are the Caucasian observers. Ellis and Deregowsky reported that Caucasian observers
are more sensitive to small changes in orientation when presented with Black faces
than when presented with Caucasian faces. However, a more recent study by Ayuk
(1990) also failed to replicate the results obtained by Ellis and Deregowsky. Consis-
tent with the results of the present experiment, Ayuk reports that African observers
recognizing Caucasian faces are not more affected by a change of orientation than
European observers recognizing the same faces (and vice versa).

In summary, it would appear, from both the present results and the results re-
ported by Ayuk (1990), that the ability of human observers to extract some invariant
information from single views of faces is not linked to their general familiarity with
a particular class of faces. Therefore, the poor performance of the autoassociative
model, as compared to that of human observers (cf. Figure 14), cannot be attributed
solely to a difference in general familiarity with Caucasian faces. A correlation analy-
sis showed that, in fact, the squared correlation between the autoassociative memory
performance and the Caucasian observers performance was greater than the squared
correlation computed between the memory performance and the Asian observers per-
formance (.88 and .70, respectively). This difference is due to the fact that Asian
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observers were not affected at all by a 20-degree rotation while both the model and
Caucasian observers were. In other words, the performance of the model is closer to
that of observers with a higher general familiarity with Caucasian faces than that of
observers with a lower familiarity.

General discussion

The experiments and simulations reported in this paper examined and con-
trasted the ability of human observers and an autoassociative memory to recognize
faces presented from a new view angle. Experiment 1 showed that the performance of
human observers does not decline as a linear function of the angle of rotation between
learning and test. On the contrary, it tends to stay stable up to a 30-degree rotation
and drops after this cut-off point to reach an asymptotic value of d′ ≈ 1. Simula-
tions showed that the performance of the autoassociative memory also drops after 30
degrees. However, unlike human observers, the autoassociative memory performs at
chance level after this cut-off point (d′ ≈ 0). Experiment 2 showed that the difference
in performance between human observers and the autoassociative memory cannot be
explained by a difference in general familiarity with the class of faces. Asian ob-
servers who are not as familiar with the general category of Caucasian faces were not
more affected by a change in orientation between learning and test than Caucasian
observers. In fact, the performance of the Caucasian observers was closer to that of
the autoassociative memory than the performance of the Asian observers.

An alternative explanation for the difference between human observers and the
autoassociative memory performance is that human observers can use two different
types of information to perform the recognition task, whereas the autoassociative
memory relies on a single type. The data collected in Experiment 1 (d′ and C),
along with the results of the simulations suggest that, up to 30 degrees, the similar-
ity between the original images and the rotated images is large enough to allow a
configural transfer. In this case, both the human observers and the autoassociative
memory perform above chance level. After this cut-off point, the similarity between
original and rotated faces seems to be too small for a configural transfer to succeed.
In this case, only human observers perform above chance level, thus suggesting a dif-
ferent type of transfer. A plausible hypothesis would be that observers transfer some
kind of invariant information to recognize faces rotated by more than 30 degrees.
Although not as useful as the global configural information presumably used up to 30
degrees, this information would yield performance above chance level. Because the
autoassociative memory was not able to capture this invariant information, we can
suspect that it is very localized. In agreement with this hypothesis, an examination
of the human observers performance obtained for individual faces showed that (a)
some faces were always correctly recognized after 90 degrees and others were never
correctly recognized and (b) faces correctly recognized tended to have more localized
distinctive features (freckles, scars, moles, unusual hair color, etc.) than other faces
(cf. Figure 15).
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Figure 15. Examples of faces that were (a) always recognized after a 90-degree rotation
(left panels) and (b) never recognized (right panels). Note that the first face has blotchy
markings on the right cheek and on the chin that are visible from both the frontal and the
profile views. The second face has a very unusual hair color. No such distinctive marks
have been detected on the last two faces.

This item analysis suggests that human observers extract some information
characteristic of a face that is visible from most viewpoints. During the recognition
phase they may use this information to perform what we shall call a transfer by
“peculiarity.” When the angle of rotation is smaller than 30 degrees, a face could
be recognized using either global configural information or peculiar information—
whichever is more convenient. For a rotation larger than 30 degrees, however, only
the transfer by peculiarity would be available.

To be efficient, the information used for this second type of transfer has to
be specific to a given face. It can range from a very particular hair color or skin
texture to a much more localized distinctive feature, such as a scar or a blemish. To
decide that a face was present in the learning set, observers need only to recognize
the peculiarity of the face without having to recognize the face per se. For example,
to answer correctly “yes” to the face presented in Figure 16, it suffices to recognize
the scar or the lock of white hair. Indeed, this strategy will work only for faces
having a peculiarity visible from many different viewpoints (obviously, this will work
only until the peculiarity is occluded by the face as it is rotated). This last point is
coherent with the decline in performance observed in Experiment 1 and 2 after 30
degrees because, although all faces share configural properties, only a subset of faces
contains these peculiarities. Finally, because the transfer by “peculiarity” is, in fact,
akin to standard object recognition rather than face recognition, it is not surprising
that other-race observers were able to perform this type of transfer.

In summary, our results can be interpreted in terms of a dual-transfer hypothesis
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stating that (a) for small rotations, faces would be recognized using either transfer
by configuration or by peculiarity depending on faces and on task demands, and (b)
for large rotations, only the transfer by peculiarity would be used.

An explicit test of this dual-transfer hypothesis can be found in a recent paper
of Valentin, Abdi, and Edelman (in press). The study, described in this paper, in-
vestigated the effect of distinctive marks on the recognition of unfamiliar faces across
view angles. Subjects were asked to memorize a set of target faces, half of which
having distinctive marks. Recognition was assessed by presenting the target faces,
either in the same orientation, or after a 90-degree rotation, mixed with an equal
number of distractors. The authors found support for the dual-transfer hypothesis
for faces learned as frontal views (i.e., marked faces were better recognized, after
rotation, than unmarked faces were). However, when a profile view was learned, the
presence of marks did not improve recognition performance. The authors attribute
this absence of effect to the subjects paying more attention to the shape than to
the texture when they see a profile view. Because the marks affect the texture of
the face, not paying attention to the texture eliminates the effect of the marks. The
authors conclude that the presence of marks, when detected, allows for a recognition
by peculiarity.

An additional way of testing the dual-transfer hypothesis could be to show that
it is possible to selectively affect performance for small rotations while not affecting
performance for large rotations and vice versa. For example, we can expect that using
low-pass filtered face images will degrade performance for large rotations but not for
small ones. Inversely, using high-pass filtered face images should degrade more the
performance for small rotations than for large ones.

Figure 16. An example of localized information visible from different view angles.

The remaining question is: How can we model transfer by peculiarity within
the framework of an autoassociative memory? Borrowing from Kohonen (1977), we
propose the concept of a “novelty filter,” or “peculiarity filter” (cf. Figure 17) as a
possible answer to this question. As we mentioned previously, the major property of
an autoassociative memory is that it behaves as a pattern completion device. When
presented with an incomplete image of a face (e.g., mouth area blacked out), an
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Figure 17. How to implement a novelty filter with an autoassociative memory.

autoassociative memory reconstructs the missing area by replacing the value of each
pixel of this area by its expected value. The expected values correspond to a weighted
average of the pixel values calculated across the learned faces. Likewise, if we present
a face with a pair of glasses (see Figure 17, Step 1) to an autoassociative memory
trained to reconstruct glass-less faces, the memory will give back the face without
glasses. In other words, the memory will detect what is “peculiar” about the face
and discard the peculiarity.

To model a transfer by peculiarity, however, the idea is not to discard the
peculiarity, but to isolate it and to use it as a basis for recognition. This can be
implemented with an autoassociative memory by using the error of reconstruction
of the memory instead of the reconstruction itself. This error of reconstruction is
equal to the difference between the original image and the reconstructed image (see
Figure 17, step 2). If the face possesses a very distinctive feature, the feature will
contribute massively to the error and a simple thresholding technique will make it
pop out (see Figure 18, for a more realistic example).

If the detection occurs during the learning phase, the peculiarity will be stored
in the memory. If, on the contrary, it happens during the testing phase, a standard
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Figure 18. Example of a novelty filter: 1) A mustache is added to a face that was learned
by a memory trained to reconstruct clean-shaven faces, 2) the memory reconstructs the face
without the mustache (i.e., the pixels corresponding to the mustache area are replaced by
the expected value of these pixels), 3) the difference between the original and reconstructed
image is computed, and 4) a thresholding technique is used to make the peculiarity pop
out.

matching procedure will be used to find out if a similar peculiarity has been stored in
the memory. If this is the case, the face will elicit a positive response; if this is not the
case, it will elicit a negative response. Thus, the benefit of a novelty filter is twofold.
Not only can it lead to the recognition of a face by recognizing the “peculiarity” of
this face, but it can also lead to the rejection of a face because none of the learned
faces had a similar “peculiarity.”

Although further work will be needed to test systematically the performance
of such a novelty filter, (especially with natural features like freckles) this approach
constitutes a way of modeling the performance of human observers in a transfer task
from single views of faces. If a target face is rotated between learning and test by less
than 30 degrees, the global similarity between the learned view of the target and the
view presented at test can be used as a basis for the recognition. The cosine between
original and reconstructed faces is computed and used as an index of familiarity to
decide if the face has been learned or not. In contrast, if the face is rotated by
more than 30 degrees, the error produced by the memory will be used as a basis for
the recognition. The memory will look for a potential peculiarity and compare this
peculiarity with stored peculiarities.

Conclusion

The data reported here show that, although 2D pixel representations are not
inherently 3D invariant, they contain enough information to enable recognition across
small view angles. If several 2D representations are used simultaneously to represent
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a set of faces, a simple linear model is able to interpolate between these views and
recognize the faces from a new view angle with an accuracy rate of about 80%. If a
single 2D representation is used, the performance of both an autoassociative memory
and human observers depends upon the difference between original and rotated views.
Specifically, the results of the experiments and computer simulations described in
Section 4 suggest that human observers use two different strategies to perform a
recognition task from single views of faces. The first strategy, which we call “transfer
by configuration,” is probably specific to faces and relies on the global similarity
between different views of a face. This strategy, efficient up to a 30-degree rotation,
breaks down beyond this point. It can be modeled using a standard autoassociative
memory.

The second strategy, which we call “transfer by peculiarity” is not specific to
faces and relies on the existence of “peculiarities” or distinctive features visible from
most viewpoints. This strategy relies on extracting whatever information (property
of the face or of the image) that will allow the observer to perform the task. This
strategy could have been called “transfer by whatever” or even “transfer by disfigu-
ration” to emphasize the fact that any difference from an average face visible from
different viewpoints would be a very useful cue. Because the success of this type of
strategy does not rely simply on the statistical structure of faces, it requires a more
sophisticated modeling tool than the simple transfer by configuration. In this case,
the autoassociative memory may be used as a kind of novelty filter to isolate the
peculiarity of the face. This peculiarity is then treated as an object and recognized
using standard object recognition models.

Finally, it is worth noting that our conclusion that two strategies are needed
to account for recognition across orientations can be related to some earlier work by
Vokey and Read (1992, 1995) and O’Toole, Deffenbacher, Valentin and Abdi (1994),
indicating that human observer recognition performance relies on two independent
aspects of faces: memorability, and general, or context free familiarity. As for the
dual-transfer hypothesis proposed here, these two aspects of face recognition would be
based on different types of perceptual information. Specifically, according to O’Toole
et al., faces that are considered very memorable (i.e., the ones that the observers
thought would be easy to remember) were characterized by the presence of a small
distinctive feature. On the other hand, faces with a low general familiarity level (i.e.,
the ones that the observers believe they may not have seen around campus) deviate
from the set of faces in terms of global face and head shape. If we put together these
earlier results and the results presented here, it seems that highly memorable faces
should also be highly transferable.

Mathematical foundations

We give in this appendix a short précis of the mathematics involved in the
PCA model (for more details, see Abdi et al., 1999, in press). We start by capturing
images of faces as grey levels. This gives, for each face, a matrix whose elements are
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the grey intensity of the pixels of the image. Now the kth face picture is an M ×N
matrix denoted Yk where M is the number of rows of the image and N its number
of columns. This matrix is then transformed into an I × 1 (with I = M ×N) vector
denoted xk with the vec operation (i.e., Yk is “vectorized” into xk ):

xk = vec{Yk}. (1)

The set of faces to be learned is represented into an I ×K matrix X in which xk is
the K column. Each element of xk corresponds to the activation level of a neuron
like unit of the autoassociative memory. These units are all connected to each other.
The values of the connections are given by an I × I matrix denoted W (how to find
such a matrix is addressed later).

The response of the autoassociator to an input vector is obtained by premulti-
plying it by the connection matrix. Formally, if x is an I × 1 vector (which may or
may not have been learned), the response denoted x̂ is obtained as

x̂ = Wx . (2)

The autoassociator learns or “stores” a pattern by changing the connection
matrix W. This change is obtained by adding, to each synapse, a small quantity which
can be a function of the state in which the cells are and of their actual or desired
response. There are two main learning rules: Hebb and Widrow-Hoff. Hebbian
learning increments the connection between two units proportionally to how similar
their activations are for a given pattern. Specifically, storing the kth pattern is
obtained as

W[t+1] = W[t] + ηxkx
T
k , (3)

where η is a small positive number called the learning constant. Widrow-Hoff learn-
ing first computes the reconstruction error as the difference between the expected
response (i.e., the input xk) and the actual response (i.e., x̂k). Then, this learning
rule increments the connection between two units proportionally to the reconstruc-
tion error of the output unit and the activation of the incoming unit. This will make
the magnitude of the reconstruction error smaller for subsequent presentations of this
pattern. Specifically, storing the kth pattern with Widrow-Hoff learning is obtained
as

W[t+1] = W[t] + η(xk − x̂k)x
T
k , (4)

where η is a small positive number and (xk − x̂k) is the reconstruction error. Perfect
performance for an autoassociator corresponds to perfectly reconstituting stored pat-
terns (but not new patterns). In fact, the better the reconstruction of a pattern, the
more likely it is that this pattern was learned (because we want learned patterns to
be perfectly reconstructed). To evaluate the quality of the reconstruction, the gen-
eral strategy is to evaluate the similarity between a pattern and its reconstruction.
Similarity is often measured by the cosine between vectors defined as

cos{x,y} =
xTy

‖x‖‖y‖ with ‖x‖ =
√

xTx . (5)
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When the vectors are centered (i.e., when they have zero means) their cosine is equal
to their correlation coefficient. The cosine between x and x̂ is called the reconstruction
cosine. The larger the reconstruction cosine of a vector, the more evidence there is
that it was learned. For a given weight matrix, the vectors with a perfect reconstruc-
tion cosine are of particular interest. If they were learned, then they are perfectly
recognized. If they were not learned, then they correspond to a maximum false alarm:
An effect reminiscent of the prototype effect. It turns out that, for any given weight
matrix (obtained from Hebb or Widrow-Hoff learning), it is possible to compute these
vectors. They are called eigenvectors, or eigenfaces (when face images are learned).
If u is an eigenvector of W, then

λu = Wu , (6)

where λ is a scalar called the eigenvalue associated with the eigenvector. In general
for autoassociators, the eigenvectors of weight matrices have several remarkable prop-
erties. First the eigenvalues are always positive or zero (technically, these matrices
are called positive semidefinite). Second, eigenvectors with different eigenvalues are
orthogonal to each other (i.e., their cosine is zero). Third, the rank of a matrix is
given by the number of its eigenvectors with non-zero eigenvalues. Finally, a weight
matrix W of rank L, can be decomposed as a weighted sum of its eigenvectors (this
is a consequence of being positive semidefinite) as

W =
L∑

`

λ`u`u
T
` = UΛUT , (7)

where U is the matrix of eigenvectors and Λ the diagonal matrix of the eigenvalues.
The notion of eigenvectors can also unify Hebbian and Widrow-Hoff learning

under a common framework. It can be shown that Widrow-Hoff learning changes only
the eigenvalues of the Hebbian learning matrix (the eigenvectors remain unchanged).
Specifically (see Abdi, 1994, for a proof), the connection matrix after t learning epochs
(an epoch corresponds to learning all the to be learned patterns) is obtained as

W[t] = UΦ[t]U
T with Φ[t] = I− (I− ηΛ)t , (8)

where I is the identity matrix, U the matrix of the eigenvectors of the matrix XXT,
and Λ the matrix of the eigenvalues of XXT. When t = 1, the connection matrix
W[1] is the Hebbian connection matrix. This shows that the matrices obtained from
these two learning rules differ only by the value of an exponent.

Learned vectors can be built as a sum of the eigenvectors of the connection
matrix. Specifically, if xk was learned then

xk =
L∑

`

γ`,ku` with γ`,k = uT
` xk . (9)
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