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On the ZBDD-Based Nonenumerative Path Delay
Fault Coverage Calculation

Fatih Kocan and Mehmet H. Gunes

Abstract—We devise one exact and one pessimistic path delay fault
(PDF) grading algorithms for combinational circuits. The first algorithm,
an extension to the basic grading algorithm of Padmanaban, Michael,
and Tragoudas (2003), does not store all of the detected PDFs during the
course of grading, and, as a further improvement, it utilizes compressed
representation of PDFs. These two techniques yield a space-and-time
efficient algorithm. To enable grading of circuits with exponential number
of paths, a circuit is first partitioned into a set of subcircuits. The second
algorithm efficiently calculates the coverage of partitioned circuits. The
former algorithm results in 50%–70% reduction in space and a speedup
from 1.6 to 2.48 in ISCAS85 benchmarks. The time complexity of the
latter algorithm is ( ) subset operations per test vector where is
the number of nets in the circuit.

Index Terms—Fault grading, path delay fault (PDF), simulation.

I. INTRODUCTION

Delay testing of very large scale integrated (VLSI) circuits involves
a test of the ability of the combinational circuit or combinational part
of sequential circuits to propagate signals in a specified time period
[2]. Four fault models were proposed for resistive bridge defects and
process problems that change the timing behavior of a circuit. These are
gate delay and its special case transition delay [3], path delay [4], and
segment delay [5] fault models. The path delay fault model is the more
realistic one and assumes that gate delays lumped on a path are enough
to cause a failure. Also, a circuit may not have any defects to cause
delay failure, but it still may have path delay faults due to incorrect
cycle time choice. Consequently, circuits are tested for path delay faults
to ensure that they meet their timing requirements.

Path delay fault (PDF) testing of a circuit requires the tasks of test
vector simulation, test vector generation, and fault coverage calcula-
tion. Path delay fault simulation and coverage calculation can be enu-
merative or nonenumerative [6]. In enumerative fault simulation and
coverage calculation, a test vector is simulated and the number of paths
detected by the vector is counted one by one. Since the number of paths
in a circuit may be exponential with respect to the circuit size (e.g.,
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c6288 has � 1020 paths), the time and space complexities of the enu-
merative algorithms are very high. As a result, a line of research is
performed to solve the PDF simulation and fault coverage computa-
tions nonenumeratively, which is proved to be NP-hard [7]. In [8], path
status graph (PSG) data structure is used to store PDFs and count the
number of detected PDFs nonenumeratively. In [1], an efficient set data
structure, ZBDD proposed in [9], is used to store and count PDFs with
the set operations. All these data structures might require exponential
size memory at worst case. Usually, to overcome memory problems of
PDF coverage calculation algorithms, two complementing techniques
are employed. 1) Instead of exact coverage calculation, we settle for
estimated result, and 2) a circuit is virtually cut (as proposed in [6])
into overlapping subcircuits each of which has a unique set of PDFs,
and grading is performed on the virtual subcircuits. For example, the
authors of [1] propose a basic nonenumerative algorithm, which gives
exact coverage, and a virtual-cut-based one, which results in coverage
loss. The run time of the cut-based one grows exponentially with the
number of cuts.

In this paper, we present two grading algorithms. The first algorithm,
an extension to the ZBDD-based basic algorithm, dynamically prunes
ZBDD at runtime. Our version of basic algorithm is suitable for PDF
test grading task only, since it does not store all detected PDFs during
the course of grading. The second algorithm calculates coverage of
partitioned circuits efficiently. The run time of the latter algorithm is
O(N2) subset operations per vector, N is the number of nets. There-
fore, the run time does not grow exponentially with the number of cuts,
i.e., partitions. Note that the cost of subset operations reduces as we in-
crease the number of cuts.

The remainder of the paper is organized as follows. Section II sur-
veys set-based (ZBDD-based) nonenumerative PDF coverage calcula-
tion method. In Section III, we present our test set grading algorithm,
and describe the compressed PDF representation along with its advan-
tages. In Section IV, the partition-level, set-based nonenumerative PDF
coverage calculation algorithm is presented. In Section V, the experi-
mental results for ISCAS85 benchmarks are included. In Section VI,
we conclude our paper.

II. ZBDD-BASED PATH DELAY FAULT COVERAGE PRELIMINARIES

In the PDF model, there can be two PDFs on each physical path in a
circuit: 1) slow-to-fall and 2) slow-to-rise. These PDFs are detected by
applying a set of pairs of test patterns to the circuit: the first pattern in
the pair initializes the circuit while the second one propagates the fault.
PDFs can be detected robustly, nonrobustly, or functionally; however,
the type of detection is an issue in simulation and test generation, not in
coverage calculation. In coverage calculation, we apply test vectors one
by one and find the ratio of uniquely detected PDFs over total number
of PDFs. If needed, the coverage calculation must be repeated for every
type of detection.

The authors of [1] employ a ZBDD set-data structure to calculate the
coverage nonenumeratively. In their approach, a physical path is repre-
sented with the net labels along the path. The PDFs are modeled from
the corresponding physical path by subscripting the first net label of
the path with r (for rising fault) and f (for falling fault). For example,
in c17 in Fig. 1, 1r � 10 � 22, and 1f � 10 � 22 are the two fault models
on physical path 1 � 10 � 22. With this modeling, they identify the set of
PDFs detected by a vector, and accumulate all of the detected PDFs by
a sequence of test vectors. Both of these tasks are carried out nonenu-
meratively.

Our work extends their basic PDF grading approach. Therefore,
we use the basic ZBDD operators, and the Store PDF () module
(pp. 308 in [1]) in the subsequent sections. Store PDF () module
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Fig. 1. Circuit c17.

Fig. 2. Set of detected PDFs. (a) Simulation of vector 0 1 1 1 0 . (b) Building the set of PDFs detected by the vector.

builds the set of PDFs detected by a vector. To illustrate the function
of Store PDF () module, assume that a vector hs0; s1; p1; s1; s0i is
applied to c17 and the paths detected by this vector is highlighted in
Fig. 2(a). The module creates sets on the nets to hold the set of partial
PDFs that starts from the primary inputs and ends at the nets. The set
of a primary input would be empty if it is not part of any detected path.
Otherwise, there would be one set including the label of the primary
input, which is subscripted according to the logic value on the input.
For example, primary input 3 is p1 and detected in Fig. 2(a); therefore,
the set of input 3 is f3rg. The set of PDFs of a gate is computed by
taking the union of the sets of its fanins and appending the label of the
gate to all PDFs in the union. At the end, the union of the sets of the
primary outputs gives the set of the PDFs detected by a vector. Fig. 2(b)
illustrates construction of the set of PDFs detected by this vector: The
set of detected PDFs is f3r � 11 � 16 � 22; 3r � 11 � 16 � 22g. In addition
to this module, we use the following ZBDD operators: Subset1(S; v),
Subset0(S;v), Union(S;Q), and Count(S). Count(S) operation
returns the cardinality of set S. Subset1(S;v) (Subset0(S;v))
returns the members, i.e., minterms, of S with (without) node v.

To enable nonenumerative PDF coverage calculation of ULSI and
SoC circuits, whose memory requirements are very high, a circuit is
first virtually cut into several subcircuits [6] and then PDF coverage
calculation is computed at the subcircuit level. The virtual cut method
is originally proposed to improve the estimated coverage value and
also employed in the ZBDD-based coverage calculation to reduce
memory requirement at the expense of some loss in the coverage. In
the ZBDD-based coverage calculation, all PDFs in one subcircuit is
stored in one ZBDD and the final coverage is calculated from the
collection of ZBDDs. The run time of the cut-based grading algorithm
in [1] grows exponentially with the number of cuts.

III. EXTENDED BASIC PDF COVERAGE CALCULATION ALGORITHM

This section modifies the basic coverage algorithm of [1] to enable
grading of test sets efficiently. The modified grading algorithm (B+)
does not store all of the detected PDFs during the course of simulation.
B+ requires the set of test vectors (V) as a priori and calculates the
PDF coverage in two phases. The algorithm shows the details of the
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Fig. 3. Plines in modified c17.

two-phase algorithm. In this algorithm, P (C) is a ZBDD and holds all
detected PDFs;Nd is the set of nets covered by current vector;P (Vi) is
a ZBDD and holds the set of PDFs detected by vectorVi. The algorithm
precomputes coverage frequencies of all nets by simulating all vectors
in the first phase, and sets the coverage frequency of each net i (Fi). Fi
indicates the number of vectors that cover line i. In the second phase,
the algorithm resimulates all test vectors one by one, and decrements
the frequencies of nets covered by the current vector. At that point,
it checks for all zero-frequency nets, removes them along with their
PDFs from the set of PDFs, and updates pdf variable with the number
of deleted PDFs. At the end, the set of PDFs is empty, and pdf holds
the number of covered PDFs.

Note that calculating the frequency of a net in the first phase, instead
of marking the last vector in the sequence that detects the net and re-
moving the net after application of this vector in the second phase, gives
the flexibility of reordering of test vectors before the second phase.
Vector scheduling/reordering helps early removal of nets. For example,
let net p be detected by vectors V10 and V1000, i.e., Fp = 2. Also, let p
be the minimum frequency net reported by the first phase of the algo-
rithm. Scheduling ofV10 andV1000 as the first two vectors in the second
phase would result in early removal of p and its corresponding PDFs
from the set. Therefore, we present two vector reordering methods.
After that, we present a compressed representation for PDFs to further
reduce the space complexity of the proposed algorithm.

Algorithm 1 Grading with frequencies

for every test do

Increment of each net
end for

for every test do

Decrement of each net

while do

end while
end for

Ensure: is empty

Reordering Based-On PI Frequencies (H1): This method first ap-
plies the vectors of the minimum frequency primary input net, next
the vectors of the second minimum frequency input net among the re-
maining vector set, and so on.
Reordering Based-On PI PDF Counts (H2): This method calcu-

lates the number of PDFs passing through each primary input net. Then,
it schedules the vectors of the minimum PDF count input net first, the
vectors of second minimum one from the remaining vectors, and so on.

A PDF representation can be compressed using the concept of pri-
mary lines in a circuit to further reduce the size of ZBDD during cov-
erage calculation. A line is a primary line (pline) if it is a branch line or
a primary input. A path constructed only with branch labels maintains
the path id.
Fact 1: Let x1 � x2 � x3 � � � xn be a path and there exists only one

path from x1 to xn. Then, x1 � xn can model the entire path without
loosing any information. Since we have a unique path from x1 to xn,
we can reconstruct the complete path. If there are no other paths passing
through x1, then x1 � xn can be simplified into x1.

The advantages of using plines over nets in PDF modeling in the
context of grading are as follows.

1) Eliminate redundant nodes from the path/PDF representation.
For example, in Fig. 3, there exists only one PDF passing
through 1r � 10 � 22, and 1r can model this entire PDF. Com-
pressed PDFs require less number of nodes in the ZBDD than
full PDFs. As we add the detected PDFs to the ZBDD, nodes
are created. In some cases, for example, to distinguish the
detected overlapping subpaths in ZBDD, multiple replicas of
the node at the joint of the overlapping subpaths might be
created. We use Fig. 4 to illustrate this case. In this figure,
net 10 is a joint point in the net-level PDF modeling. Assume
that vector v1 detects PDF 1f � 7 � 8 � 10 � 11 � 13 and v2
detects PDF 1f � 7 � 9 � 10 � 12 � 13. Fig. 5(a) and (b) show the
ZBDD structures when these two PDFs are stored with nets
and plines, respectively. Fig. 5(a) has two replicas of node 10
to distinguish these detected PDFs. Note that whether PDFs
are modeled with plines or nets, creation of the replicas of
the nodes in the joint points to distinguish the overlapping
subpaths is inevitable. However, pline modeling does not cause
replication of redundant nodes.

2) Enable early removal of nodes from ZBDD when B+ grading
algorithm is used. Fig. 6 illustrates this case. In this figure, as-
sume that there are 100 PDFs passing through net a: 70 of them
follow branch b while 30 PDFs pass through c. When net rep-
resentation is used, 100 PDF must be covered before node a

along with its PDFs can be removed. When pline representation
is used, node b(c) along with its PDFs can be removed after the
coverage of 70(30) PDFs.
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Fig. 4. Pomeranz-Reddy example.

Fig. 5. Spatial relationship. (a) Nets. (b) Plines.

Although compressed PDF representation is correct for fault grading,
it may be problematic to PDF ATPG (considering coupling effects),
diagnosis and timing analysis efforts. However, some lines or nets of
interests can be included in the PDF representation in addition to the
primary lines to alleviate the disadvantage of compression.

IV. PARTITION-LEVEL COVERAGE CALCULATION

Exponential number of PDFs in ULSI circuits and SoC, with respect
to circuit size, induces space issues during PDF simulation and cov-
erage calculation. This problem is overcome by partitioning or virtu-

Fig. 6. Distinguishing the PDFs at nets.

ally cutting such a circuit into subcircuits and by performing grading
at the partition level. Partitioning of circuits creates overlapping sub-
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Fig. 7. Counting new PDFs detected by a vector at partition level.

path problem in which some of the newly detected PDFs would be
missed due to partitioning. In [1], an algorithm is given for coverage
calculation of circuits that are cut one or more times. In their algo-
rithm, they utilize principle of inclusion and exclusion to pessimisti-
cally report the coverage. Their algorithm’s run time grows exponen-
tially with the number of cuts. In this section, we devise an efficient
partition-level ZBDD-based nonenumerative coverage calculation al-
gorithm. Our algorithm also gives the coverage pessimistically: in fact
our algorithm and theirs report the same estimated value. The par-
tial paths in a partition are nonenumeratively stored in ZBDD using
Store PDF ()module. We maintain two sets per each partition k : Pk

for storing all partial paths detected by vectors v1 . . . vn�1 and Ck for
storing partial paths detected by vector vn. Thus, we store all paths
covered by a set of test vectors. To simplify the explanation of the al-
gorithm, we define three fundamental operations on tuples. The op-
erations are ./, +, and First. The definitions of the operations and
identities are as follows.

1) (A;B) ./ (C;D) = (A� C + A �D +B � C;B �D).
2) (A;B) + (C;D) = (A + C;B +D).
3) (A;B) ./ (C;D) = (C;D) ./ (A;B).
4) (A;B) + (C;D) = (C;D) + (A;B).
5) (A;B) ./ (0; 1) = (0; 1) ./ (A;B) = (A;B).
6) First(A;B) = A.

Assume that P (i) is a tuple (A;B) and holds the number of incoming
new paths in A and redetected paths in B at node i. Further, assume
that Ek!l is also a tuple and holds the numbers of new and redetected
partial paths between input node k and output node l of a partition.
As an example, in Fig. 7, the input nodes of the first (second) par-
tition are 1 and 2 (3), and the output node of the first (second) par-
tition is 3 (4). Moreover, there are three types of partial PDFs be-
tween an input and output, as indicated by the legend. The unsolid and
solid lines represent currently detected partial paths: The solid ones
are first time detected while the unsolid ones are redetected by the cur-
rent vector. The dashed ones just show the partial PDFs that are de-
tected only by the previous vectors. In this example, E1!3 = (2; 1),
E2!3 = (2; 0), andE3!4 = (2; 1). The first field of P (4) would give
us the number of uniquely detected PDFs by the current vector. To cal-
culate P (4), first we initialize P (1) and P (2) to (0,1). It follows that
P (3) = P (1) ./ E1!3+P (2) ./ E2!3 and P (4) = P (3) ./ E3!4.
Note that the current vector detects total 15 PDFs and only one of them
is an old one. Next, we formalize the partition-level new PDF counting
in terms of set operations.

Let Ck;i!j and Pk;i!j be the sets of newly and previously detected
partial PDFs between an input i and output j of partition k, respectively.
Ck;i!j (Pk;i!j) is computed with subset operations on Ck (Pk).
Then, the number of uniquely detected partial PDFs between input i
and output j in partition k is jCk;i!jnPk;i!j j and the number of re-
detected partial PDFs between them is jCk;i!j \ Pk;i!j j. For every
valid input-output pair i and j in partition k, we define a pair to hold
these numbers, i.e.,Ek;i!j = (jCk;i!jnPk;i!jj; jCk;i!j\Pk;i!j j).

TABLE I
DESCRIPTION OF BENCHMARKS

TABLE II
STORING ALL PDFS IN VERSUS

TABLE III
ROBUST VECTORS VERSUS

TABLE IV
GRADING ALGORITHM

Algorithm 2 performs partition-level coverage calculation based on
this formalization. Algorithm 2 also updates the sets of the partitions
with the partial PDFs detected by the current vector. Note that PO
is the set of primary outputs at the partition level. Additionally, the
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Fig. 8. Frequency distributions of the primary lines.

space complexity of the algorithm is proportional to the sum of memory
requirements of the individual partitions.

Algorithm 2 Partition-Level Coverage
Calculation: Coverage()
Require: and , : the
number of partitions

where is a PI
for ; ; do
for every partition at level do
for every logical output of do

for each logical input that has
a path to do

end for
end for

end for
end for

k is a partition

Number of Subset Operations: The number of subset operations in
Algorithm 2 isO( K

i=1
jIij�jOij) per vector, whereK is the number

of the partitions and Ii (Oi) is the input (output) count of partition i.
T (N) = O(K � N2) = O(N2) subset operations per vector, where
N is the number of nets. Therefore, the total number of subset opera-
tions per T vectors would be O(T � N2). Note that the cost of subset
operation reduces as the number of partitions increases.

V. EXPERIMENTAL RESULTS

We have performed several experiments on the benchmarks in
Table I. In the first experiment, we have measured the impact of PDF
modeling with primary lines on ZBDD size for two cases. 1) All of
PDFs were stored and 2) PDFs detected by a robust test vector set
were stored. In the second experiment, we assessed the space and time
requirements of dynamic pruning algorithm (B+) for each vector
reordering heuristics. All experiments were performed on Pentium
IV, 2.4 GHz, and 1-GB RAM with Linux OS. Additionally, we used
ZBDD implementation available in CUDD package [10].

In Table I, we tabulate the number of inputs and outputs (I=O), nets,
and paths for each benchmark circuit.

A. Size Impact of Pline-Based Modeling of PDFs

We performed two sets of experiments to show that modeling PDFs
with plines reduces the size of ZBDD. In the first set, we stored all
PDFs in a ZBDD and measured the final and peak node usages, and
the processing times in seconds. This experiment was repeated with
both pline-modeled PDFs (B�) and net-modeled PDFs (B). We used
the following static ordering of variables in ZBDD. The variables were
ordered according to their levels in the graph of the circuit: starting
from the root, first the input plines at the first level, next the plines at
the second level, and so on. We also observed that the ordering among
the plines at the same level were not important, and the static ordering
of variables had great impact on the size of ZBDD [11]. For net-based
experiments, we used the same static ordering. Table II tabulates the
pline/net modeling results under B�=B columns. Pline modeling re-
duced approximately half of the nodes and processing times, com-
pared with net modeling. We observed that with this static ordering,
the number of final nodes ofB� is equal to the number of plines in the
circuit. For example, when all PDFs of c880 were stored, there were
557 final nodes in ZBDD, which is equal to the number of plines in the
circuit.

A similar experiment was performed with a set of robust test vec-
tors. Table III tabulates the pline/net results for the vector set under
B�=B columns. The last column (PDF) indicates the coverage. Pline
modeling required approximately half of final and peak nodes of net
modeling. Moreover, B� requires less ZBDD processing time than B.

B. Results for Dynamic Pruning Algorithm (B+)

We computed the maximum final node counts, i.e., the maximum
number of final nodes reached during the grading, and processing times
of the test set grading algorithm for two vector ordering heuristics when
the same set of robust test vectors in Section V-A were used, and also
the PDFs modeled with plines. Table IV tabulates the results. In all
benchmarks, the ordering of vectors based on the path counts of the
inputs (H2) outperformed the ordering based on frequencies (H1).
Compared to the pruningless results in Table III, pruning reduced the
node counts further in the ZBDD considerably. The node-count ratios
for B�=H2 are given in the last column of the table.

Since the pruning algorithm sensitive to the frequency distribution
of the nets or plines (depending on the chosen modeling), we also
provided the cumulative coverage frequencies of each benchmark
in Fig. 8. We created the graph as follows. For each benchmark, we
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calculated the coverage frequencies of the primary lines (Fi) for
the set of robust test vectors and normalized each Fi according to
(Fi=max(F1; . . . ; Fn)) � 100, where n is the number of lines in
the circuit. The x axis shows the normalized frequencies and the y
axis shows the cumulative percentage of plines. For example, in c880,
approximately, 20% of the plines has a normalized frequency of 5
or less. Almost in all benchmarks, 90% of plines has a normalized
frequency of 30 or less.

VI. CONCLUSION

In this paper, first, we modified the basic ZBDD-based algorithm
to enable efficient test set grading of circuits. The algorithm collects
statistics about the coverage frequencies of the nets/lines and at run
time removes the fully covered nodes to reduce the size of the ZBDD.
This algorithm is suitable for PDF test set grading since it does not
store all of the detected PDFs. This algorithm results in more than 50%
reduction in time and space, compared to the pruningless version of the
algorithm. Second, we devised a run-time efficient partition-level test
set grading algorithm. The run time of the algorithm is O(N2) subset
operations per vector, whereN is the number of nets/lines in the circuit.

In the future, we plan to investigate better pruning heuristics to avoid
ZBDD size explosion during the course of grading.
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