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ABSTRACT
In recent years, more and more heterogeneous processor
cores are embedded into a single chip. To deploy such het-
erogeneous embedded systems in critical applications, e.g.,
aircraft control, battleship missile launches, nuclear plant
safe operations, etc., an important research problem is how
to maximize system reliability while satisfying the required
time constraint. Therefore, a scheduling scheme is needed
to exploit the heterogeneity of a system and satisfy both
the reliability requirement and the given time constraint. In
this paper, we study the heterogeneous reliability schedul-
ing problem, i.e., given a heterogeneous system, a Directed
Acyclic Graph (DAG) that models an application and a time
constraint, find a schedule for the DAG so that the system
reliability can be maximized and the time constraint can be
met. To solve this problem, two heuristic algorithms, MCMS
and PRMS, are proposed. The experimental results show
that our algorithms can improve system reliability signifi-
cantly. Among them, PRMS has the best performance and
the improvement of reliability can be up to 30%.
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1 Introduction

Embedded systems are widely deployed in various scien-
tific, commercial and military applications. For critical appli-
cations, such as aircraft control, battleship missile launches
and nuclear plant safe operations, one of the most impor-
tant requirements is to achieve maximum system reliability,
i.e., to minimize the failure rate of a system during executing
an application. Therefore, an effective scheduling scheme
is necessary to schedule tasks and allocate resources in
such a way that the system reliability is maximized while the
required time constraint is satisfied. In recent years, many
heterogeneous processor cores are integrated into one sin-
gle chip in the embedded system design. To deploy these
heterogeneous embedded systems in critical or military ap-
plications, a new scheduling approach is needed to exploit
the heterogeneity of such heterogeneous systems and sat-
isfy the requirements of both performance and reliability. In
this paper, we study the heterogeneous reliability schedul-
ing problem, i.e., given a heterogeneous system, a Directed
Acyclic Graph(DAG) that models an application and a time
constraint, find a schedule for the DAG so that the system
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reliability can be maximized and the time constraint can be
satisfied.

In general task scheduling problems, the scheduling
of a DAG determines that the start time of each node must
satisfy the dependency relations in the DAG [1]. If there are
resource constraints, the number of nodes of a given type
whose execution can overlap in time is limited by the num-
ber of resources. If the task scheduling algorithm targets at
heterogeneous systems, more restrictions and complexities
are introduced.

There has been much research work done in schedul-
ing problems in heterogeneous systems. In [2] and [3],
Topcuoglu et al. propose two algorithms to schedule tasks
in a heterogeneous environment. Both of them use the crit-
ical path to prioritize tasks first, and then schedule them. In
[4], a scheduling algorithm based on dynamic critical paths
is studied. In [5], an algorithm which considers both cluster-
ing of communicating tasks and assigning clusters to differ-
ent sites in the system is discussed. In [6], a hybrid schedul-
ing method is proposed, which consists of a mapping before
execution and a remapping based on run-time values during
execution. However, in the above algorithms, little attention
has been paid to the reliability issue.

Recently, some research work has begun to address
the scheduling problems with reliability optimization. In [7],
a reliability model for general heterogeneous computer sys-
tems is established and several algorithms to solve the
scheduling problem using this model are investigated. In
[8], more investigations have been done based on similar
models to solve fault-tolerance as well as reliability prob-
lems in heterogeneous systems. In [9], two cost functions
are introduced to guide the scheduling algorithms to reduce
the effect caused by the resource failure. In [10], three in-
cremental cost functions are defined and scheduling algo-
rithms based on these functions are developed. In [11], an
algorithm on reliability and fault-tolerance in heterogeneous
systems are introduced.

This paper focuses on heterogeneous systems and
addresses scheduling problems with reliability maximiza-
tion. In this paper, scheduling means both task scheduling
and resource allocation. To solve the heterogeneous reli-
ability scheduling problem, we propose two heuristic algo-
rithms, MCMS (Minimum Cost Match Schedule) and PRMS
(Progressive Reliability Maximization Schedule). MCMS
constructs a bipartite matching graph and schedules tasks
to processors according to the min-cost maximum bipartite
matching so that the overall system reliability is increased
as much as possible. PRMS improves system reliability
progressively based on a schedule obtained from the ALAP



scheduling. We have conducted experiments using our al-
gorithms against a set of benchmarks. The results show
that our algorithms can improve the system reliability signif-
icantly. Compared with the traditional List scheduling, our
algorithms can reduce the reliability cost up to ����� while
satisfying the given time constraint. Compared with an ex-
isting algorithm, eFRCD in [11], our algorithms succeed in
most cases and provide significant improvement in reliability
while eFRCD works only with large time constraints.

The rest of the paper is organized as follows: Sec-
tion 2 presents the definitions and models. Our algorithms,
MCMS and PRMS, are given in Section 3. Experimental
results are provided and analyzed in Section 4. Section 5
concludes this paper.

2 Definitions and Models

In this section, we introduce the basic concepts and models
that will be used in later sections.

2.1 Definitions

A heterogeneous system consists of a certain number of
heterogeneous processor elements (PEs). Assume there is
a system with M PEs, we use a set �����	��

���������������������
to denote all its PEs. A matrix D is used to represent the
communication delay among all processors, where Entry�����

represents the delay involved in sending a message of
unit length from � � to � � . A Directed Acyclic Graph (DAG)
is used to model an application. A DAG ���! #"$�&%'�&()��*,+ is
a node-weighted and edge-weighted directed graph, where
"-�- /. 
 �&. � �0��������.213+ is the set of nodes, with each node
representing a task, %546"87�" is the weighted edge
set that defines the precedence relations among nodes in
" , the weight on each edge, 9;: <>=?* , represents the
volume of data being transmitted from node .2: to node
. < , (��@ /A�
0�&A0���0��������A 1 + is the set of criticality of the corre-
sponding task nodes. Criticality is the parameter to rep-
resent how critical a node is. The higher its criticality is,
the more critical a task is. For each node . :CB " , DFE/. :#G
is used to represent its computation time on each PE:
DFE/.2: G �H�0I 
 E/J G �KI � E/J G �0����� I � E/J G � where I/<�E/J G denotes the com-
putation time of .2: on �2< .

2.2 Reliability Model

Reliability is defined to be the probability that the sys-
tem will not fail during the time that it is executing the
tasks. Consider a heterogeneous system with M PEs,
�5�L�M� 
 ��� � �0��������� � � , and a DAG containing N nodes,
�M. 
 �&. � �0��������.ONP� . Let IC<QE/J G be the computation time of node
. : for PE � < . Let R < be the failure rate of PE � < . Let S ��� be
the failure rate of the communication link from � � to � � . Let
9;: < be the volume of data that task .2: needs to send to task
.Q< . Let

���T�
be the delay to send a unit length data from � � to

� � . Let U : < be a binary number that denotes whether task
.2: is assigned to �2< , 1, for assigned, 0, for not assigned.

The probability of the system not to fail is:

�PVP�
�W
<TX 


NW
:YX 

EKZ;[\R�< G^]`_�a�bYa
c :ed^f

�W
� X 


�W
� X 


NW
:eX 


NW
<�X 
 EKZ;[gS

��� G^] _Yh ] aji&k _�aTl hTi

where the first part of the formula stands for the probability
of tasks not to fail while executing and the latter part repre-
sents the probability of the communications between tasks
not to fail. When R < and S ��� are small,
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In order to maximize �PV , we see from the above equation
that we need to minimize:
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In our model, we add each node’s criticality as a weight
factor to the first part of the above expression and we define
Reliability Cost as follows:

w (��
�t
<�X 


Nt
:YX 
 R�<	Ux: <MA0:/IC<yE/J

G&u
�t
� X 


�t
� X 


Nt
:eX 


Nt
<�X 


S ��� Ux: � UP< � 9 : < � ���

To calculate the impact of each task to the system reliability
cost when it is scheduled on a PE,

w : < is used to denote
the reliability cost for .2: to be scheduled on �2< . Let �PV�n � E/J G
be the set which includes all . : ’s predecessors,

w : < can be
expressed as follows:
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Thus, to maximize system reliability, we need to minimize
the Reliability Cost. In this paper, we will use the ”Reliability
Cost” as the indicator of how reliable a given system is when
a group of tasks are assigned to it. The lower the reliability
cost is, the higher the reliability is.

2.3 Problem Description

We define the heterogeneous reliability scheduling prob-
lem as follows: given a heterogeneous system with M
PEs, �����M� 
 ��� � �0��������� � � , a DAG ���� #"`��%���()��*,+
where "��� /.�

�K.O���0��������. N + , (?�� /A�
0��A0�	�
��������A N + , D�E/. :jG �
�
I 
 E/J G �KI � E/J G �0�������&I � E/J G � and a time constraint L, find a task



schedule for G such that the Reliability Cost is minimized
within L.

An example is shown in Figure 1 and Figure 2. As-
sume there is a heterogeneous system that consists of 2
heterogeneous PEs, P1 and P2. The failure rate of P1 is
0.001 and that of P2 is 0.003. The failure rate of the com-
munication links between the PEs is 0.001 for both direc-
tions. The delay of a unit-length message on both links are
20 time units. These values are shown in the matrix of fig-
ure 1(c). An exemplary DAG is shown in figure 1(a). The
given time constraint for the DAG to be executed is 500 time
units. Assume the message volume sent between tasks is
negligible except for the message from task 2 to task 5 (2
units) and from task 4 to task 5 (3 units). The execution
time and reliability cost of each node for different PEs are
shown in figure 1(b). In Figure 1(b), Dv: denotes the execu-
tion time and

w : denotes the first part of the reliability costw : < . The criticality of all nodes are assumed to be 10. Two
schedules for the DAG are shown in Figure 2. In Schedule
1, the schedule length is 490 time units and its system re-
liability cost is 10.64. In Schedule 2, the schedule length
is 500 time units and its system reliability cost is 9.5. Both
schedules satisfy the time constraint while the latter has a
lower reliability cost. This example shows that different task
schedules will produce different system reliability cost. In
the next section, two scheduling algorithms are proposed to
reduce the system reliability cost.

2

1

5

3 4

(b)(a)

Failure Rate:
P1: 0.001;    P2: 0.003

 Node
T1       R1       T2      R2

P1                   P2

1      100    1       80   2.4

2      100    1       80   2.4

3      200    2      150  4.5

5      150   1.5     90   2.7

4      150   1.5    130  3.9

P1               P2

P1

P2

0 0 0 0
0

32

 (c)

     0                  20

    20                  0

Figure 1. (a) A DAG. (b) Computation time of tasks. (c)
The communication delays between the PEs

3 Scheduling Algorithms

Scheduling problems with time and resource constraints are
well-known to be NP complete. As stated in section 2, we
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Reliability Cost: 9.5
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4 5

100 300 400 490250

P1

P2

(a)

Reliability Cost: 10.64

Figure 2. (a) Schedule 1. (b) Schedule 2.

are going to solve a scheduling problem with time and re-
source constraints in a heterogeneous system and minimize
the reliability cost of the system at the same time. There-
fore, our problem is also NP complete. In this section, two
heuristic algorithms, MCMS and PRMS, are developed to
solve this problem. MCMS uses a bipartite matching strat-
egy based on ALAP scheduling and PRMS uses a progres-
sive relaxation strategy based on ALAP scheduling. Some
symbols used in our algorithms are listed in Table 1.

Symbol Meaning�����
Minimum reliability cost for the current task�! #" : Earliest starting time for task i$% &" : Latest starting time for task i'(" : Finish time of task i )$ < Schedule length for PE j* : The PE task i is scheduled on

RelbCost Overall reliability cost for the system

Table 1. Symbols

3.1 Task Scheduling Using Bipartite Match-
ing

MCMS (Minimum Cost Match Schedule) is designed
to use the bipartite matching strategy to schedule tasks.
The idea is: first, use the ALAP scheduling, which mini-
mizes the schedule length, to get the latest starting time
for every node. Then construct a bipartite matching graph
with the nodes in the ready list in one set and all PEs in the
other set. Then reschedule nodes based on the minimum-
cost-bipartite-matching. This algorithm is shown in Algo-
rithm 3.1. "�
 and "2� in the algorithm represent the two sets
used in the bipartite matching.

This algorithm first schedule all nodes using the ALAP
scheduling. Based on the schedule, we use the bipartite
matching to schedule nodes. For each PE, among those
nodes not marked by matching, the node with the earli-
est start time is considered: if it has no dependency con-



Algorithm 3.1 MCMS (Minimum Cost Match Schedule)

Input: a DAG ��������� � �
	��
��� , a set of PEs � , a time constraint
$

Output: A task scheduling with reliability improvement
for all � :�� � do�! #" :�� starting time of node i in ASAP;$% &" :�� starting time of node i in ALAP;'(" :�� Finish time of node i in ALAP;
end for
for all � <�� � do

 $ <���� ;����� � 	"!$#&% � 0;
while ' nodes not marked do

for all � <(� � do
if the first node in � < has no dependency constraint then put it
into � 
 ;
put � < into � � ;

end for
construct a weighted bipartite matching graph �*) � �
�+� ) � � � ) � � ; � ) � �,� 
�- � � ;
for all � :�� � 
 do

for all � <(� � � do
compute

� : < ;
add an edge

� : < between � : and � < into
� ) � ;

if
 )$ </. % <10 ��2 . communication delay 3 '(" : then set

� : < as
the edge weight;
else set the edge weight as infinity;

end for
end for
M � minimum-cost-bipartite-matching for nodes in � ) � ;
for all

� : < in the matching M do
mark � : as scheduled;

* :�� the matching � < ;�4�5�6� 	"!$#7% � � : <". �4�5�6� 	"!8#&% ; $
]`_ � max 0 �! #" : �  )$ < 2 . % ]`_ 0

�92
;

Add the communication delay to
 $
]`_ ;for all � � which is a dependent of � : do

update the dependence information for � � ;
if
�! #" �;:  )$

]`_ then
�! #" � �  )$

]`_ ;end for
end for

end while

straint at that time, it’s inserted into the ready list. A bipartite
matching graph is constructed as follows: all nodes from the
ready list are on one side, denoted by a set " 
 , and all PEs
are on the other side, denoted by a set " � . Each node, .2: ,
in "v
 has an edge connected with each PE, � < , in "2� . If the
schedule length of the PE plus the node’s computation time
is less than the finish time of the node in ALAP, the edge
weight is set to the reliability cost

w : < . Otherwise, the edge
weight is set to be infinity. After constructing the graph, call
the minimum-cost-bipartite-matching function to get a mini-
mum cost bipartite matching. Since the edge weight is set
to the reliability cost, the matching produced by the function
minimizes the reliability cost in each scheduling step. After
a match is found, schedule the tasks on the corresponding
PEs, mark the node and update their descendants’ infor-
mation, i.e. dependence constraints and earliest starting
time, recursively. Repeat this process until there is no more
node to be rescheduled. Because the processor selection
for a node is limited by the finish time in the ALAP, the node
can at least be scheduled on the same processor as ALAP.
Thus, as long as there is an ALAP schedule for the graph,
this algorithm won’t fail to produce a schedule for all the
tasks. As the reliability cost is the matching factor in the
bipartite matching, the reliability is improved over the list
scheduling algorithm.

3.2 Progressive Relaxation Strategy

PRMS(Progressive Reliability Maximization Schedule) pro-
gressively improves the reliability based on the schedule ob-
tained by the ALAP scheduling. The idea is to reschedule
each node to reduce the system reliability cost as much as
possible. It is shown in Algorithm 3.2.

After the initialization, this algorithm first obtains an
ALAP schedule for all the tasks in the graph. Then repeat
the following steps until all nodes are marked: among all
nodes that are not marked, take the node with earliest start-
ing time and reschedule it to a PE such that the system re-
liability cost is minimized. A node can only be rescheduled
to a PE if its finish time is earlier than that in ALAP and the
task doesn’t overlap with other tasks remaining in the ALAP
schedule. The choice of the node is made this way be-
cause the remaining nodes can always be scheduled within
the time constraint as long as the ALAP schedule exists for
this task graph. After this task is scheduled, mark the node,
update the dependence constraint information and the ear-
liest start time for all its descendants recursively, update the
system reliability cost and the schedule length, then con-
tinue this process until all nodes are marked.

Algorithm 3.2 PRMS (Progressive Reliability Maximization Sched-
ule)

Input: a DAG ��������� � �
	��
��� , a set of PEs � , a time constraint
$

Output: A task schedule with reliability improvement
for all � :�� � do* :��=<?> ;�! #" :�� starting time in ASAP;$% &" :�� starting time in ALAP;'(" :�� finish time in ALAP;
end for
for all � <�� � do

 $ <���� ;����� � 	"!$#&% � 0;
while ' nodes not marked do����� �A@ ;

take the node, � : , with minimum
$% &" : and not marked;

for all � <(� � do
compute

� : < ;
if
 )$ <4. % <B0 �92 . communication delay 3 '(" : then
if

� : < : �����
then

����� � � : < ; * :��DC ;
if

� : < � �����
then

* :�� the PE with earlier finish time;
end if

end for
mark � : as scheduled;����� � 	"!$#&% � ����� . ����� � 	"!$#&% ; )$
]`_ �FEHGJIK0 �! &" : �  $ ]`_

2 . % ]`_ 0
�92

;
Add the communication delay to

 $
]`_ ;for all � � which is a dependent of � : do

update the dependence information for � � ;
if
�! #" �(:  )$

]`_ then
�  #" � �  )$

]`_ ;end for
end while

4 Experiments

To evaluate the performance of our algorithms, we con-
ducted experiments using our algorithms against a set of
benchmarks, including the 2-stage lattice filter, the 8-stage
lattice filter and the differential equation solver. We com-
pared our algorithms with the traditional list scheduling and
the eFRCD described in [11].
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To create the heterogeneous environment, we con-
ducted 2 sets of simulations, one uses 4 PEs and the
other uses 6 PEs. In our experiments, each of the PEs
is assigned a distinct failure rate chosen from 0.000005 to
0.000015. For the task graphs, we set the computation time
of each task in the benchmarks as a value chosen from 100
to 1500. Each of the communication links between PEs is
assigned a failure rate chosen from 0.000005 to 0.000015.
The unit message delay of the links is chosen from 1 to 10.
The message volume between 2 tasks is set to a value from
0 to 8.

Two main measurements to evaluate the scheduling
algorithms are the time constraint and the reliability cost.
The former indicates whether the schedule produced by the
algorithm meets the constraint in the time domain, while the
latter indicates how reliable it is to schedule the given tasks
in the system. The values of both parameters are recorded
and compared with each other in all four algorithms we used
in the simulations. The comparison of the results is shown
in Figure 3 through Figure 8.

Figure 3 through Figure 5 show the experimental re-
sults using all scheduling algorithms and the 4 benchmarks
we mentioned above with 4 PEs. Figure 6 through Figure

MCMS
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Figure 5. Performance Comparison for 8-stage lattice filter
(4 PEs)

8 show the experimental results using all scheduling algo-
rithms and the same benchmarks with 6 PEs. In all fig-
ures, the x-axis represents the time constraint and y-axis
represents the reliability cost. ”List” represents the tradi-
tional list scheduling without consideration of system reli-
ability. ”eFRCD” represents a scheduling algorithm devel-
oped in [11]. ”MCMS” and ”PRMS” are our algorithms de-
scribed in Section 3.

From the simulation results, we can see that all of our
algorithms improve the system reliability over the traditional
list scheduling algorithm. Among them, PRMS gives the
best performance. It improves the reliability significantly
when the time constraint is large. If the time constraint is
short, it still improves the system reliability while meeting
the constraint.

Comparing the results of our algorithms to the results
of eFRCD, we can find that the eFRCD is very easy to fail
if the given time constraint is short. MCMS can always im-
prove the reliability as long as there exists a schedule by
the ALAP scheduling. The improvement is not as signifi-
cant as PRMS when the time constraint is large. This is be-
cause the algorithm always tries to use all available proces-
sors in each step, while PRMS schedules one node in each
step and avoid processors with high failure rate if possible.
PRMS has the best performance among all algorithms. It
always improves the reliability while the probability to fail is
small.

5 Conclusion

In this paper, the heterogeneous reliability scheduling prob-
lem, with the goal to achieve the maximum system reliability
while satisfying a given time constraint, is addressed. Two
heuristic scheduling algorithms, MCMS and PRMS, are pro-
posed. Both of them improve the reliability of the heteroge-
neous system while solving this scheduling problem. For
graphs with different topologies, they may produce different
results. Overall, PRMS gives the best performance.
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