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Abstract

Software pipelining for nested loops remains a challeng-
ing problem for embedded system design. The existing soft-
ware pipelining techniques for single loops can only ex-
plore the parallelism of the innermost loop, so the final tim-
ing performance is inferior. While multi-dimensional (MD)
retiming can explore the outer loop parallelism, it intro-
duces large overheads in loop index generation and code
size due to transformation. In this paper, we use MD re-
timing to model the software pipelining problem of nested
loops. We show that the computation time and code size of
a software-pipelined loop nest is affected by execution se-
quence and retiming function. The algorithm of Software
Plpelining for NEsted loops technique (SPINE) is proposed
to generate fully parallelized loops efficiently with the over-
heads as small as possible. The experimental results show
that our technique outperforms both the standard software
pipelining and MD retiming significantly.

1. Introduction

With the advance of the technology, embedded systems
with multiple cores or VLIW-like architectures, such as
TI’'s TMS320C6x, Philips’ TriMedia, and 1A64, etc., be-
come necessary to achieve the required high performance
for the applications with growing complexity. To exploit
multiple functional units or processors in parallel embedded
systems, software pipelining is widely used to explore the
instruction-level parallelism in loops [6,13]. However, soft-
ware pipelining can greatly expand the code size [14, 16].
Code size is one of the most critical concerns for many em-
bedded processors because the capacity of on-chip memory
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modules is still very limited due to the chip size, cost and
power considerations. The code size problem has a dramatic
effect on nested loops because code size can be expanded
in multiple loop levels. Our research shows that the code
size of software-pipelined loop nests is greatly affected by
the execution sequence and the software pipelining degree
chosen by an optimization technique. An example of soft-
ware pipelining on a nested loop is shown in Figure 1. Fig-
ure 1(a) shows the original loop nest. The schedule length
of the loop body is 3 control steps. Figure 1(b) and Fig-
ure 1(c) are software pipelined loops with the same sched-
ule length of loop body which is 1 control step. However,
the code in Figure 1(c) is much more complicated than that
in Figure 1(b). The optimization technique generating the
code in Figure 1(b) uses a row-wise execution sequence,
while the technique generating the code in Figure 1(c) uses
a skewed execution sequence which introduces large over-
heads in code size and loop indexes computation. Because
of the space limitation, we do not show the code sections
of epilogues which are about the same size as the prologues
in this case. Optimization techniques on nested loops need
to consider both timing and code size requirements, there-
fore, becomes a great challenge for parallel compiler.

While software pipelining of single loops has been ex-
tensively studied and implemented [2, 3,6, 13, 14, 16], there
is very few work done for the software pipelining prob-
lem on nested loops. A few existing techniques that could
be applied to nested loop optimization either cannot fully
explore the parallelism in a nested loop or do not con-
sider the overheads such as loop indexes and loop bounds
computation, and code size expansion due to transforma-
tion. The standard software pipelining techniques for sin-
gle loops focuses on one-dimensional problems. When ap-
plied to nested loops, it only optimizes the innermost loop
[1,2, 6, 13]. While nested loops usually exhibit dependen-
cies cross loop dimensions. Therefore, the performance im-
provement that can be obtained by the standards software
pipelining techniques is very limited. Hyperplane schedul-
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Figure 1. (a) The original code. (b) The software-
pipelined code generated by the SPINE technique.
(c) The software-pipelined code generated by the
chained MD retiming.

ing [5, 12] tries to convert a nested loop into a single
loop using loop unrolling and skewing to reduce the exe-
cution time. However, this technique makes code genera-
tion extremely difficult, and introduces large overhead in
loop index generation. The best effort existing in indus-
try on nested loop pipelining is to overlap the executions
of the prologue and epilogue of the innermost loop, called
outer loop pipelining [8, 15]. In this method, the dependen-
cies among the outer loop iterations are still not exploited.
Hence, the potential parallelism that can be explored is very
limited. The only existing method that can fully explore
the potential parallelism in multi-dimensional problems is
multi-dimensional (MD) retiming [10]. MD retiming can
achieve full parallelism of an multi-dimensional problem.
That is, all the computations in an MD problem can be exe-
cuted in parallel. However, MD retiming does not consider
some critical issues for nested loop optimization, such as
loop index generation and code size. To the authors’ knowl-
edge, there is no existent technique that can effectively solve
the software pipelining problem for nested loops in embed-
ded systems.

In this paper, we use retiming concept [7] to model the
software pipelining on nested loops. The theory of software
pipelining for nested loops is derived based on the under-
standing of the relationship among execution rate, execu-
tion sequence, and the retiming function of nested loops.

We prove that the minimum computation time of an itera-
tion without unfolding [4, 9] for a nested loop with given
execution sequence can be achieved by choosing an appro-
priate retiming function (Theorem 3.3). We do not consider
the relationship between execution rate and unfolding fac-
tor for nested loops in this paper because unfolding dupli-
cates the code size of loop body. Based on the theoreti-
cal foundation of software pipelining for nested loops, we
propose a Software Plpelining for NEsted loops (SPINE)
technique with an efficient algorithm, the SPINE-FULL al-
gorithm. It fully parallelizes a nested loop with the mini-
mal overheads. We conduct experiments on a set of two-
dimensional DSP benchmarks to compare the code qual-
ity generated by SPINE with that generated by the other
two techniques: the standard software pipelining technique,
Modulo scheduling [13], and the standard MD retiming
technique, the chained MD retiming [11]. Our experimen-
tal results show that SPINE out-performs or ties both of the
other two techniques on all of our benchmarks.

The rest of the paper is organized as follows: Section 2
gives an overview for the graph representation of nested
loops and multi-dimensional retiming model. The limita-
tions of the existing techniques are discussed in Section 2.1.
Section 3 presents the theory of software pipelining for
nested loops. Section 4 presents the SPINE algorithms with
an illustrative example. The experimental results are pro-
vided in Section 5. Finally, we conclude the paper in Sec-
tion 6.

2. BasicPrinciples

In this section, we give an overview of basic concepts
and principles related to software pipelining problem for
nested loops. These include multi-dimensional data flow
graph, multi-dimensional retiming, and software pipelining.
We demonstrate that retiming and software pipelining are
essentially the same concept.

A multi-dimensional data flow graph (MDFG) G =
(V, E,d,t) is a node-weighted and edge-weighted directed
graph, where V is the set of computation nodes, E C V x V
is the set of edges representing dependencies, d is a func-
tion from E to Z™, representing the multi-dimensional de-
lays between two nodes, where n is the number of dimen-
sions, and t is a function from V to a set of positive integers,
representing the computation time of each node.

Programs with nested loops can be represented by an
MDFG with cycles as shown in Figure 2(a). An iteration
is the execution of each node in V exactly once. Iterations
are identified by a vector index i = (i1,12,...,1n), Start-
ing from (0,0, ...,0), where elements are ordered from the
outermost loop to innermost loop. Inter-iteration dependen-
cies are represented by edges weighted by delay vectors. For
any iteration j, an edge e(u — v) with delay d(e) indicates



that the computation of node v at iteration j requires data
produced by node u at iteration (j — d(e)). Intra-iteration
dependencies, i.e. dependencies within the same iteration,
are represented by edges without delay. A legal MDFG
must have no zero-delay cycle. A static schedule must obey
intra-iteration dependencies. The cycle period of a data flow
graph G, denoted by ®(G), is defined as the computation
time of the longest zero-delay path, which corresponds to
the minimum schedule length without resource constraint.
We assume the computation time of a node is 1 time unit
in this paper. The longest zero-delay paths of the MDFG in
Figure 2(a) are fromD — A — BorD — A — C. Thus,
the cycle period is ®(G) = 3.
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Figure 2. (a) An MDFG. (b) Code of the nested
loop. (¢) The static schedule.

The retiming technique [7] can be applied on a data flow
graph to minimize the cycle period in polynomial time by
evenly distributing the delays in the graph. The delays are
moved around in the graph in the following way: a de-
lay unit is drawn from each of the incoming edges of v,
and then added to each of the outgoing edges of v, or vice
verse. Note that the retiming technique preserves data de-
pendencies of the original DFG. The multi-dimensional re-
timing (MD retiming) function r : V — Z™ represents the
number of delay units moved through node v € V. Fig-
ure 3(a) shows the retimed MDFG of Figure 2(a) with MD
retiming function r(D) = (0, 1). Consider a retimed DFG
G; = (V,E,d;, t) computed by retiming r. The number of
delays of any edge e(u — v) after retiming can be com-
puted as d..(e) = d(e) + r(u) — r(v). And the total number
of delays remains constant for any cycle in the graph.

When a delay is pushed through node D to its outgoing
edge as shown in Figure 3(a), the actual effect on the sched-
ule of the new MDFG is that the ith copy of D is shifted
up and is executed with (i — (0,1))*" copy of nodes A,
B, and C. Because there is no dependency between node
D and nodes A, B, and C in the new loop body, node D

and node A can be executed in parallel in the new sched-
ule. The schedule length of the new loop body is then re-
duced from three control steps to two control steps as shown
in Figure 2(c) and Figure 3(c). In fact, every retiming oper-
ation corresponds to a software pipelining operation [16].
Some nodes are shifted out of the loop body to become pro-
logue and epilogue. We can measure the exact code size of
prologue and epilogue [16] using retiming function r.
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Figure 3. (a) The retimed MDFG G, of MDFG in
Figure 2(a) with »(D) = (0,1). (b) Code of the re-
timed MDFG.

2.1. Limitations of Existing Techniques

There are several techniques can be applied to optimize
nested loops. However, they all have limitations in terms
of performance improvement, code size, or complexity of
code generation. By analyzing the limitations of the exist-
ing techniques, the issues of nested loop optimization be-
comes clear.

The standard software pipelining techniques for one-
dimensional loops are well developed [13]. However, when
they are applied to optimize nested loops, the performance
improvement is very limited. Consider the MDFG in Fig-
ure 4(a) with cycle period ®(G) = 3. The best result can
be achieved by the standard software pipelining techniques,
such as Modulo scheduling, is ®(G) = 2, as shown in Fig-
ure 4(b). Actually, the MDFG can be fully-parallelized. Fig-
ure 4(c) shows the retimed MDFG by using our SPINE tech-
nique which exploit the outer loop dependencies. The de-
tailed SPINE algorithms will be presented later.

Another interesting example is shown in Figure 5(a)
which has two orthogonal delay vectorsd(B — C) = (0, 1)
and d(D — A) = (1,0). A cell dependency graph (CDG)
clearly shows the execution sequence of the loop nest [10]
as shown in Figure 5(b). The cell dependency graph of an
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Figure 4. (a) An MDFG. (b) The retimed MDFG us-
ing the standard software pipelining technique. (c)
A fully-parallelized MDFG using SPINE technique.

MDFG is a directed acyclic graph showing the dependen-
cies between copies of nodes representing the MDFG. A
node in CDG is a computational cell that represents a com-
plete iteration. The CDG of a nested loop is bounded by the
loop indexes. A schedule vector s is a normal vector for a
set of parallel hyper-planes that defines a sequence of ex-
ecution in a CDG. A legal MDFG G = (V,E,d,t) is re-
alizable if there exists a schedule vector s for the cell de-
pendency graph with respect to G, i.e., s - d(e) > 0, for
all e € E, and no cycle exists in the CDG [10]. The CDG
shown in Figure 5(b), can be executed by a row-wise exe-
cution sequence, i.e., the schedule vector s = (1,0).
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Figure 5. (a) An MDFG. (b) The cell dependency
graph.

For the MDFG shown in Figure 5(a), the standard soft-
ware pipelining techniques can do nothing to optimize the
loop. However, it can be fully parallelized using MD retim-
ing techniques, such as the chained MD retiming [10]. The
chained MD retiming [10] can fully parallelize a MDFG
G = (V, E,d, t) by selecting a legal schedule vector s such
thats - d(e) > O, for all e € E, and a retiming vector r
such that r L s. To achieve a realizable MDFG after retim-
ing, the legality condition, s - d;(e) > 0, has to be satis-

(€) (b)

Figure 6. (a) A fully-parallelized MDFG using
chained MD retiming. (b) The cell dependency
graph.

fied, and there should not exist any cycle in the cell depen-
dency graph of the MDFG. For the example in Figure 5(a),
a fully-parallelized solution using the chained MD retim-
ing is shown in Figure 6(a). However, the original row-wise
execution sequence is skewed by using the chained MD re-
timing. The schedule vector becomes s = (1, 1) as shown in
Figure 6(b). The skewed execution sequence generates the
code with large overheads as shown in Figure 1(c). The dra-
matically large overheads are produced due to the follow-
ing reasons: First, prologue and epilogue are produced for
multiple loop levels. Second, the computation of new loop
bounds and loop indexes becomes much more complicated
than using a row-wise execution sequence. Extra computa-
tion for executing the iterations along the loop boundrary
makes the final code even more complicated as indicated
by the ”Inner Loop Prologue” in Figure 1(c). And third, the
original data locality is disrupted because of the skewed ex-
ecution sequence. As a result, address generation becomes
very complicated. Therefore, MD retiming is not suitable
for software pipelining of nested loops.

3. Theory of Software Pipelining for Nested
L oops

In this section, we show that the lower bound of the
computation time of a nested loop is affected by sched-
ule vector and retiming function. We present the theoretical
foundation of software pipelining for nested loops with two
loop levels based on retiming concept. Although the theo-
rems are derived for two-dimensional, unit-time MDFGs,
they can be generalized to multi-dimensional, general-time
cases. First, we will introduce definitions and assumptions
that are necessary for the understanding of the theorems.

Definition 3.1. Given a schedule vector s and a retiming
function r. Let £ be a cycle in an MDFG G. The minimum



cycle time of cycle £, Cin(£), is the minimum execution
time of £ with schedule vector s via MD retiming.

We also make the following assumptions: 1) We assume
all the elements of a schedule vector are nonnegative inte-
gers. 2) If there are delay vectors orthogonal to s, we assume
that only the ones on the right hand-side of s are the legal
ones in order to avoid cycles in cell dependency graph. For
instance, the given schedule vector is s = (0, 1). Delay vec-
torsd = (1,0) and d = (—1,0) produce cycles in cell de-
pendency graph. According to our assumption, only the de-
lay vector d = (1,0) is legal, which is corresponding to a
loop counter with an increasing value.

We start with the simplest case with schedule vector
s = (1,0) and retiming function r = (0, 1). The following
theorem derives the achievable minimum cycle time, and
show that the minimum cycle time C,,;(£) = 1 is not al-
ways achievable with given s and r.

Theorem 3.1. Given a unit-time MDFG G = (V,E,d,t),
a schedule vector s = (1,0), and a retiming function r =
(0,1). Let £ be acycle in G.

1. The minimum cycle time C,,,in (£) = 1 can be achieved
via MD retiming, if }_ d(e) = (i,j), for

ein cycle t

i>0,
2. If 3¢ in cycte cde) = (0,k), for k > 0, then the
minimum cycle time Cin(€) = [T(£)/k] can be

achieved, where T (£) = 3 t(v).

Theorem 3.1 states that a cycle can always be fully par-
allelized using a row-wise execution sequence when the to-
tal delay of the cycle is d(£) = (i,j), 1 > 0. The total de-
lay vector after retiming is d; (£) = d(£) + r(u) —r(v) =
(1,3) + (0,k) — (0,1) = (1,j + k— 1), and i > 0. There-
fore, the legality condition of MD retiming is always satis-
fied. In other words, a nested loop with outer-loop carried
dependency can always be fully parallelized via MD retim-
ing using a row-wise execution sequence.

For the nested loops without outer-loop carried depen-
dency, the total delay of a cycle has a formula of (0, k). We
call this kind of cycle a (0,k)-cycle. Then, the full paral-
lelism may not be achievable. For example, the minimum
cycle time of the (0,2)-cycle in Figure 4(a) is 2, as shown in
Figure 4(b), using a row-wise execution sequence.

Theorem 3.1 indicates that we need to consider the to-
tal delay of a cycle to decide whether a cycle can be fully
parallelized with given schedule vector and retiming vec-
tor. We propose an idea of merging delays via MD re-
timing based on this theorem. Let’s re-consider the exam-
ple in Figure 5(a). The standard software pipelining tech-
nique such as Module scheduling cannot do any optimiza-
tion for this kind of loop. While the chained MD retiming
can fully parallelize the loop nest, but use a skewed sched-
ule vector s = (1,1), which expands the code size dra-
matically. While we suggest that the MDFG needs to be
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Figure 7. (a) Merging delays. (b) The fully paral-
lel MDFG via retiming r(A) = (3,0), r(B) =r(C) =
(2,0), and r(D) = (1,0). (c) The cell dependency
graph.

transformed before software pipelining by merging the de-
lays in a cycle. The resultant MDFG shown in Figure 7(a)
has only one delay vector d(D — A) = (1,1), using re-
timing r(C) = r(D) = (0,1). Then, we can fully paral-
lelize the loop via another MD retiming with schedule vec-
tors = (1,0) and retiming vector r = (0, 1). Thus, the row-
wise execution sequence can be preserved, which is critical
for obtaining the final code with small overheads. The fi-
nal code of the retimed MDFG in Figure 7(b) is shown Fig-
ure 1(b). The final code size is substantially reduced. Loop
bounds and loop indexes can be easily computed accord-
ing to retiming functions. The data locality is also main-
tained. The cell dependency graph with row-wise execution
sequence is shown Figure 7(c).

To further understand the timing property of an MDFG
with given schedule vector and retiming function, Theo-
rem 3.2 derives the achievable minimum cycle time by gen-
eralizing the result of Theorem 3.1 to any given schedule
vector s and a retiming r that is orthogonal to s.

Theorem 3.2. Given a unit-time MDFG G = (V,E,d, t),a
schedule vector s, a retiming function rand r L s. Let £ be
acyclein G.

1. The minimum cycle time C.nin (£) = 1 can be achieved
via MD retiming if de € £, d(e) |fr.

2. 1fd(e) || r, Ve € £, then, Crpin(£) = [T(£)/D(0)],
where T(8) = } i, cycteet(v), and D(8) x 1 =
Ze in cycleed(e)‘

The result of Theorem 3.1 is generalized based on the
understanding that if only there exists a delay vector in a
cycle that is not parallel to retiming r, then the total de-
lay of the cycle will not be parallel to retiming r. Thus, the
MDFG can be fully parallelized using retiming r. On the
other hand, if the summation of the delay vectors in a cy-
cle is parallel to r, all the delay vectors in the cycle must



be parallel to r. In this case, the full parallelism may not be
achievable.

To fully understand the timing property of any loop nest,
we further derive the minimum cycle time for any given
s and r such that s £ r. The minimum cycle time can
be computed as Cin(£) = [T(£)/D(£)], where T(£) =
2 vin cycte ¢ t(v), and D(£) = min(g(¢), T(¢£)), where

-d(€) .
g(l) = [357] + 8, and & can be computed as follows:

-d(e) -d(2) _ de)y _ sd(g)
If (28] 2 sl 5 _ g gf [2dll) — 24D ang

s-r ! sr !
de)-x— =207 (r.x) < 0,6 = 0.
Otherwise, & = 1. Due to the space limitation, we do not
show the formal theorem and its proof. They can be eas-
ily verified on MDFGs.

The above theorems show that the minimum cycle time
Cmin(£) of a cycle £ is affected by retiming function r
and schedule vector s. In the following theorem, we show
that a retiming function ¥ that is orthogonal to § is the best
choice for timing optimization. Due to the space limitation,
we omit the formal proof of the theorem, but the correct-
ness of the theorem can be easily verified.

Theorem 3.3. Given MDFG G = (V, E, d, t), and a sched-
ule vector s. Let { be acycle in G. Let rand r’ be two retim-
ing functions such that r 1. sand r’ f s. The minimum cy-
cle time of £ via MD retiming using retiming function r is
always less than or equal to that using r'.

Based on the theory of software pipelining for nested
loops, we propose a Software Plpelining for NEsted loops
(SPINE) technique. The principals of SPINE technique can
be summarized as follows: (1) There must exist a schedule
vector s, and a retiming function r orthogonal to s, such that
the retimed loop is fully parallelized. (2) We should pick
r L s, so that it gives the shortest schedule. (3) If we fix
s = (1,0) and use r = (0, 1), SPINE will find the retimed
MDFG of the input program with the minimum computa-
tion time. The computation cost due to loop transformation
and the code size overhead of the software-pipelined loop is
minimal.

4. SPINE Algorithm

In this section, we present the algorithm of software
pipelining for nested loops. The SPINE-FULL algorithm
generates fully-parallelized nested loops with computation
and code size overheads as small as possible. It will be in-
teresting to see that the chained MD retiming becomes a
special case of the SPINE-FULL algorithm. Although the
algorithm is presented for two-dimensional loops, multi-
dimensional problems can be solved in a similar way.

We employ the idea of delay merge but transform it into
a more efficient technique in our SPINE algorithm. Accord-
ing to retiming theory, DAG can always be retimed such
that any edge has at least one delay. After the (i,j)-delay

Algorithm 4.1 SPINE-FULL Algorithm
Input: MDFG G = (V,E,d,t)
Output: A fully parallel MDFG G, = (V,E,d.,t) with the
smallest possible overheads.
if SPINE((1,0), G, 1) == 1 then
Return: s=(1,0)
elseif SPINE((0,1), G, 1) ==1and d(e) - (0,1) > O then
Return: s=(0,1)
elseif SPINE((1,1), G, 1) ==1and d(e) - (1,1) > O then
Return: s=(1,1)
dse
Choose a ssuch that SPINE(s, G, 1) ==1, s-d(e) > 0, Ve €
E, and |s«| + |sy| is as small as possible.
Return: s
end if

Algorithm 4.2 Procedure of SPINE(G, s, ¢)

Input: MDFG G = (V,E,d, t), schedule vector s, a desired cy-
cle period c.
Output: Retiming function r, retimed graph G-, and cycle time
c if it is feasible; otherwise, return 0.
[* Check the legality of schedule vector s. */
if s-d(e) 20, Ve € E. then
Error: lllegal schedule vector.
end if
Choose retiming vector such thatr L s
/* Remove the edges that are not parallel to r. */
Construct graph G’ = (V,E’,d’,t), such that E' «— E —{e |
d(e) |fr,Ve € E},and d’(e) «— d(e)/r,Ve € E’
[* The feasible clock-period test algorithm */
Compute D(w,v) and T (w,v) for any two nodes w,v € V.
Construct the constraint graph with the desired cycle period c.
Use the shortest path algorithm to find a solution.
if There exists a retiming solution ' (v) such that ®(G.,) < c
then
[* Update the retimed graph */
Retime G with v/ (v) - r, Vv € V.
Return: ¢
ese
Error: Unfeasible cycle period.
Return: 0
end if

edges are removed, a cycle with (i,j)-delay edges becomes a
DAG. Thus, we can directly apply one-dimensional retim-
ing to minimize the cycle period without actually doing de-
lay merge.

Algorithm 4.1 shows the procedure of SPINE-FULL Al-
gorithm. The major function of the algorithm is SPINE(G,
s, ¢) which is shown in Algorithm 4.2. The inputs of SPINE
function are schedule vector s, MDFG G, and a desired cy-
cle period c. The function produces a retiming of G with
cycle period at most c, and returns c, if such a retiming ex-
ists; otherwise, it returns 0. The procedure first checks the
legality of a given schedule vector s, and chooses a retim-
ing r that is orthogonal to s. Then, it removes all the edges
with delay vectors not parallel to r. In order to apply 1-D



retiming, the delay vectors are converted to the delay units
with respect to r. To apply the feasible cycle-period test al-
gorithm [7], the total number of delays of the critical path
between any two nodes D (u,v), and the total computation
time of the critical path T (u, v) are computed. If the desired
cycle period c is achievable, the MD retiming will be per-
formed on the MDFG G, and the value of c is returned. Oth-
erwise, the function reports error and returns 0.

Givenan MDFG G = (V, E, d, t) and a desired cycle pe-
riod c, this algorithm produces a retiming r of G such that
the cycle period of the retimed graph ®(G,) < ¢, if such
a retiming exists. The shortest path algorithm, such as Bell-
man Ford algorithm, can be used to find the solution of a set
of constraint inequalities which is formulated from the fol-
lowing legality and feasibility conditions of retiming:

1. Legality: d«(e) =d(e) +r(u) —r(v) >0 = r(v) —
r(u) < d(e), Ve(u = v) € E.

2. Feasibility: r(v)—r(u) < D(u,v)—1,Vu,v € Vsuch
that T (u,v) > c.

where D(u,v) is the minimum number of delays on any
path from node u to node v. The path u ~» v with the de-
lay number = D(u,v) is called the critical path from u to
v. The value of T (u,v) is the maximum total computation
time on any critical path from u to v.

The SPINE-FULL Algorithm shown in Algorithm 4.1
aims to achieve a fully parallelized loop. Therefore, the de-
sired cycle period c is set to be 1 for unit-time MDFG. First,
the algorithm tries to use row-wise execution sequence, i.e.
schedule vector s = (1,0), to fully parallelize the MDFG
G. If it is not achievable, the algorithm tries the schedule
vector s = (0, 1) if it is a legal schedule vector. The sched-
ule vector s = (0, 1) represents an column-wise execution
and can be transformed to row-wise execution by loop in-
dex interchange. The schedule vectors (1,0) and (0,1) are
the ones that produce the smallest code size expansion and
the least loop index and bounds computation. If these two
schedule vectors are not achievable, the algorithm chooses
a legal schedule vector such that |sy| + [sy,| is minimal. In
fact, the schedule vector s = (1, 1) is always tried before
choosing other candidates. When the chosen schedule vec-
tor satisfies s - d(e) > 0, i.e.,, s is not parallel to any de-
lay vectors, the final result is equivalent to that produced by
the chained MD retiming which becomes a special case of
SPINE-FULL algorithm.

Consider the example shown in Figure 4(a), SPINE al-
gorithm uses a column-wise execution sequence to opti-
mize the computation time as shown in Figure 4(c). While
the chained MD retiming can choose schedule vector s =
(1,1). Remember that the chained MD retiming has to use
a schedule vector such that s - d(e) > 0 for any non-zero
delay vector in the MDFG. Therefore, the schedule vector
s = (0, 1) is not even considered because of the existence

of delay vector (0,2). By using schedule vector s = (1,1)
the row-wise execution sequence cannot be maintained any-
more, and the final code will have large overheads.

5. Experiments

In our experiments, we compare software-pipelined
loops generated by three different approaches: the standard
software pipelining technique, Modulo scheduling ("Mod-
ulo”), the standard MD retiming technique, chained MD re-
timing ("Chained”), and the SPINE-FULL algorithm
("SPINE™), on a simulated system without resource con-
straint. Our benchmarks include a set of 2-D nested loops:
Wave Digital filter (“WDF”), Differential Pulse-Code
Modulation device (“DPCM”), Two Dimensional fil-
ter (“2D”), Floyd-Steinberg algorithm (“Floyd”), a small
multi-dimensional data flow graph example ("MDFG”),
and its 2-by-2 unfolded graph ("MDFG22”). Three met-
rics are compared in our experiments: cycle period of a
MDFG, execution time of a software-pipelined loop, and
code size of a pipelined loop. We use the count of in-
structions in the compiled code to measure the code
size.

Bench [[Nod¢g Cycle Period Execution Time
SPINEM oduldl mproviSPINEM odulgl mprov
WDF(1)|| 4 1 3 |66.7% | 2600 | 7500 |65.3%
WDF(2)|| 12 | 1 6 |83.8% | 2750 | 15000 (81.7%
DPCM || 16 | 1 4 |75.0% | 3838 | 10150 |62.2%
2D(1) || 4 1 4 |75.0% | 2650 | 10000 |73.5%
2D(2) || 34| 1 3 |66.7% | 2850 | 7800 |63.5%
MDFG || 8 1 3 |66.7% | 2650 | 10000 |73.5%
MDFG22| 32 | 1 3 |66.7% | 2650 | 7650 |65.4%
Floyd || 16 | 1 10 |90.0% | 2950 | 25000 |88.2%

Table 1. Compare cycle period and execution time
of software-pipelined nested loops generated by
SPINE and Modulo scheduling.

Table 1 compares the cycle period and execution time
of the pipelined loops using the Modulo scheduling and the
SPINE-FULL algorithm. Column “Node” shows the hum-
ber of nodes in a loop. Column “Improve” shows the per-
centage of the improvement on cycle period of loops by us-
ing the SPINE-FULL algorithm. The experimental results
show that the cycle period of the pipelined loop generated
by SPINE is one time unit for all the benchmarks. While
the Modulo scheduling cannot achieve full parallelism for
all the cases. It indicates that the potential parallelism that
can be explored by the standard software pipelining tech-
niques on nested loops is very limited. The improvement on



cycle period by using SPINE is 73.8% on average. The im-
provement on execution time of the whole loop is 71.7%.

Bench |[Retimg Code Size Execution Time
SPI NE[Chained|l mproviSPI NE/Chained| mpro
WDF(1)|| 2 21 70 |70.0% | 2600 | 3759 |30.8%
WDF(2)|| 5 81 474 |82.9% | 2750 | 3996 |31.2%
DPCM 3 312 312 0% | 3838 | 3838 0%
2D(1) 3 25 98 |74.5% | 2650 | 3838 |31.0%
2D(2) 7 281 | 2240 |87.5% | 2850 | 4194 |32.0%
MDFG 3 41 166 |[75.3% | 2650 | 3838 |[31.0%
MDFG22| 3 137 574 |76.1% | 2650 | 3838 |31.0%
Floyd 9 169 | 1646 |89.7% | 2950 | 4312 |31.6%

Table 2. Compare code size and execution time
of software-pipelined nested loops generated by
SPINE and Chained MD Retiming.

Table 2 compares the code size and execution time of the
software-pipelined loops generated by the SPINE-FULL al-
gorithm and the chained MD retiming. Column “Retime”
shows the retiming times. For most of the benchmarks,
SPINE achieves full parallelism using schedule vector s =
(1,0), while the chained MD retiming needs to skew the
execution sequence using schedule vector s = (1,1). For
the DPCM program, (0,k)- cycles of the MDFG cannot be
removed. In this case, SPINE-FULL uses schedule vector
s = (1, 1). Therefore, the code sizes and execution rates are
the same as the chained MD retiming. The code size is re-
duced by 69.5% on average by using SPINE. The average
improvement on execution time is 27.3%.

6. Conclusion

The existing techniques cannot optimize nested loops ef-
fectively for many embedded systems with strict timing and
code size requirements. The standard software pipelining
techniques only explore the parallelism in one-dimension.
Multi-dimensional retiming can fully parallelize a nested
loop, but does not consider timing and code size overheads
due to loop transformation. In this paper, we present the the-
ory of Software Pipelining for NEsted loops (SPINE) based
on the fundamental understanding of the properties of the
software-pipelined nested loops using retiming concept. An
efficient SPINE algorithm is developed to fully parallelize
a nested loop with the minimal overheads. The experimen-
tal results show that our SPINE technique outperforms the
standard software pipelining techniques, such as Modulo
scheduling, for all our benchmarks. It is also superior to MD
retiming technique for most of the cases in terms of the ex-

ecution time and the code size of software-pipelined loop
nests.
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