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Abstract

In high level synthesis for real-time digital signal pro-
cessing (DSP) architectures using heterogeneous func-
tional units (FUs), an important problem is how to assign
a proper FU type to each operation of a DSP application
and generate a schedule in such a way that all require-
ments can be met and the total cost can be minimized. In
this paper, we propose a two-phase approach to solve this
problem. In the first phase, we solve heterogeneous assign-
ment problem, i.e., how to assign a proper FU type to a
DSP application such that the total cost can be minimized
while the timing constraint is satisfied. In the second phase,
based on the assignments obtained from the first phase, we
propose a minimum resource scheduling algorithm to gen-
erate a schedule and a feasible configuration that uses as
little resource as possible. We prove heterogeneous assign-
ment problem is NP-complete and propose several algo-
rithms to solve it. The experiments show that Algorithm
DFG Assign Repeat is the best that gives a reduction of
25.7% on total cost compared with the previous work.

1 Introduction

To satisfy the requirements of high sample rates and low
power consumption for real-time digital signal processing
(DSP) applications, high-level synthesis of special purpose
architectures has become a common and critical step in the
design flow [3–6, 11, 12, 14, 15, 19]. Although a lot of re-
search efforts have been put into this field, most previous
work on the synthesis of special purpose architectures for
real-time DSP applications focuses on the architectures that
only use homogeneous FUs (same type of operations will
be processed by same type of FUs) [4–6, 14, 15, 19]. With
more and more different types of functional units (FUs)
available, same type of operations can be processed by het-
erogeneous FUs with different costs, where the cost may
relate to power, reliability, or monetary cost. Therefore,
an important problem arises: how to assign a proper FU
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type to each operation of a DSP application and generate
a schedule in such a way that the requirements can be met
and the total cost can be minimized.

A lot of techniques have been developed on allocating
and scheduling applications in heterogeneous distributed
systems [1, 2, 10, 16]. Incorporating reliability cost into
heterogeneous distributed systems, the reliability driven
assignment and scheduling problem has been studied in
[7, 9, 17, 18]. However, since allocation and scheduling
are performed based on a fixed architecture in these work,
they can not be directly applied to solve this problem. In
this paper, we propose a two-phase approach to solve the
problem. In the first phase, we solve heterogeneous assign-
ment problem, i.e., given the types of heterogeneous FUs,
a Data-Flow Graph (DFG) in which each node has differ-
ent execution times and costs for different FU types, and a
timing constraint, how to assign a proper FU type to each
node such that the total cost can be minimized while the
timing constraint is satisfied. In the second phase, based
on the assignments obtained from the first phase, we pro-
pose a minimum resource scheduling algorithm to generate
a schedule and a feasible configuration that uses as little
resource as possible. Here, a configuration means which
types and how many for each type should be selected in
a system. Both heterogeneous assignment problem and
scheduling are difficult problems. It is well known that the
scheduling with resource constraints is NP-complete [8].
We will show heterogeneous assignment problem is also
NP-complete in Section 4.

Our work is closely related to the work in [3, 11–13].
In [11, 12], Ito et. al. first propose a ILP (Integer Linear
Programming) model for the assignment problem consid-
ering heterogeneous functional units. While this ILP model
can generate an optimal solution for heterogeneous assign-
ment problem, the exponential run time of the algorithm
limits its applicability. In [3], Chang et. al. propose a
heuristic approach for heterogeneous assignment problem.
This approach can produce a solution with one or two or-
ders of magnitude less time compared with the previous
ILP model; however, this simple heuristic approach may
not produce the good result. In the circuit design field, Li
et. al. in [13] study the problem of selecting an implemen-
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tation of each circuit module from a cell library. The prob-
lem is shown to be NP-hard. A pseudo-polynomial time
algorithm on the series-parallel circuits and heuristics for
general circuits are proposed for basic circuit implemen-
tation problem. Basic circuit implementation problem is
only a special case of heterogeneous assignment problem in
which each node must have the same execution time; there-
fore, their solutions can not be applied to solve heteroge-
neous assignment problem. And the circuit implementation
problem doesn’t need to consider the scheduling problem.
Hence, we propose a more general and effective approach
in this paper. To solve heterogeneous assignment problem,
we generalize the approach used in [13] and make it ca-
pable of dealing with any DFG. To solve scheduling and
configuration problem, we propose a minimum resource
scheduling algorithm to generate a schedule and a feasible
configuration that use as little resource as possible.

We first prove heterogeneous assignment problem is
NP-complete and propose several practical algorithms.
When the given DFG is a simple path or a tree, we pro-
pose two algorithms, Path Assign (for simple path) and
Tree Assign (for tree), to produce the optimal solution.
These two algorithms are efficient in practice, though
rigorously speaking they are pseudo polynomial because
the complexities are related to the value of the maxi-
mum execution time of nodes. But this value is usu-
ally not large or can be normalized to be small. To
solve the general problem, Algorithm DFG Assign Once
and DFG Assign Repeat, are proposed based on Algorithm
Tree Assign. Then, based on the obtained assignment, a
minimum resource scheduling algorithm is proposed to
generate a schedule and a configuration. We experiment
with our algorithms on a set of benchmarks. We com-
pare our algorithms with the greedy algorithm in [13].
The experimental results show DFG Assign Once and
DFG Assign Repeat have better performance compared
with the greedy algorithm. On average, DFG Assign Once
gives a reduction of 25% and DFG Assign Repeat gives
a reduction of 25.7% on system cost compared with
the greedy algorithm. When the given DFG is a tree,
DFG Assign Once and DFG Assign Repeat both give the
optimal solution. DFG Assign Repeat is recommended to
be used because it performs best especially when the input
graph is large.

The remainder of this paper is organized as follows: In
the next section, motivational examples are given. In Sec-
tion 3, we give the basic definitions and concepts used in
the rest of the paper. In Section 4, we prove heterogeneous
assignment problem is NP-complete. The algorithms for
heterogeneous assignment problem are presented in Sec-
tion 5. The minimum resource scheduling algorithm are
presented in Section 6. Experimental results and conclud-
ing remarks are provided in Section 7 and Section 8 respec-
tively.

2 Motivational Examples

Assume we can select FUs from a FU library that pro-
vides three types of FUs:

���
,
���

,
���

. An exemplary DFG
is shown in Figure 1(a). The execution times and costs of
each node for different FU types are shown in Figure 1(b).
In Figure 1(b), column “ ��� ” presents the execution time,
and column “ 	 � ” presents the execution cost for each FU
type
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Figure 1. A given DFG and the execution
times and costs of its nodes for different FU
types.

The execution cost can be any cost such as energy con-
sumption or reliability cost. A node executed on one type
of FUs may run slower but with less energy consumption or
reliability cost than it executed on another type. When the
cost is related to energy consumption, it is clear that the to-
tal energy consumption is the summation of energy cost of
each node. When the execution cost is related to reliability,
the total reliability cost is still the summation of reliability
costs of all nodes. We compute the reliability cost using the
same model as in [18]. Define the reliability of a system as
the probability that the system will not fail during the time
of executing a DFG. Consider a heterogeneous system with


FU types, � ����
�����
�������
������
, and a DFG containing �

nodes, ��� ��
 � ��
�������
 �! � . Let "�#%$'&�( be the execution time
of node ��� for type

� # . Let )%# be the failure rate of type
� # .

Then the reliability cost of node ��� for type
� # is defined as"�#�$*&�(,+�)%# . Let -��.# be a binary number that denotes whether

type
� # is assigned to node ��� or not ( it equals 1 if

� # is
assigned to � � ; otherwise it equals 0). The probability of a
system not to fail during the time of processing a DFG, is:

�,/10 2�43 # 35�768�43 � 3  $:9<;=)%#>(�?A@�B.C�B>D ��E>F
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From this equation, we know
�,/���� $����	� B ? @ B C B D ��E ( when)%# is small. Thus, in order to maximize

�,/
, we need to

minimize 
 $ ) # - �.# " # $*&�(�( F In other words, we need to find an
assignment such that the timing constraint is satisfied and
the summation of reliability costs of all nodes is minimized
in order to maximize the reliability of a system.
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Figure 2. (a) Assignment 1 with cost 20. (b)
Assignment 2 with cost 15.

Assume the given costs are energy consumption and the
timing constraint is � time units in this example. For the
given DFG in Figure 1(a) and the time cost table in Fig-
ure 1(b), two different assignments are shown in Figure 2.
In Figure 2, if a FU type is assigned to a node, “ � ” is put
into the right location and the value in the parentheses be-
side “ � ” is the corresponding execution cost. The total
execution cost for Assignment 1 is 20. The total cost for
Assignment 2 is 15 and this is an optimal solution, which
is 25% less than that for Assignment 1. Our assignment
algorithm in Section 5.2 achieves the optimal solution for
this example.

For Assignment 2, two different schedules with corre-
sponding configuration are shown in Figure 3. The config-
uration in Figure 3(a) uses 5 FUs while the configuration
in Figure 3(b) uses 4 FUs. The schedule in Figure 3(b) is
generated by the minimum resource scheduling algorithm
in Section 6, in which the configuration achieves the mini-
mal resource for Assignment 2.

3 Definitions

In our work, Data-Flow Graph (DAG) is used to model a
DSP application. A DFG 
 0���� 
�� 
����

is a node-weighted
directed graph, where

� 0�� � � 
 � � 
�������
 �  � is the set of
nodes,

����� + � is the edge set that defines the precedence
relations among nodes in

�
, and

� $�� ( represents the num-
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Figure 3. Two schedules corresponding to
Assignment 2.

ber of delays for an edge � . In our case, a DFG can con-
tain cycles. The intra-iteration precedence relation is rep-
resented by the edge without delay and the inter-iteration
precedence relation is represented by the edge with delays.
The cycle period of a DFG corresponds to the minimum
schedule length of one iteration of the loop when there are
no resource constraints. A static schedule of a cyclic DFG
is a repeated pattern of an execution of the corresponding
loop. A static schedule must obey the precedence relations
of the directed acyclic graph (DAG) portion of a DFG. In
this paper, we consider the DAG part in assignment and
scheduling that is obtained by removing all edges with de-
lays from a DFG.

A special purpose architecture consists of different
types of FUs. Assume there are



different FU types in

a FU library,
����
�����
�������
����

. � $8����( is used to represent
the execution times of each node ���21 � for different FU
types: � $*� ��( =� " � $*&�( 
 " � $*&�( 
�������
 " � $*&�( � where "�#%$'&�( de-
notes the execution time of ��� for type

� # . 	 $8����( is used to
represent the execution costs of each node �<�31 � for dif-
ferent FU types: 	 $*����( = �54 � $'&�( 
 4 � $'&�( 
 ������
 4 � $'&�( � where
4A#�$*&�( denotes the execution cost of ��� for type

� # . An as-
signment for a DFG is to assign a FU type to each node.
Given an assignment of a DFG, we define the system cost
to be the summation of execution costs of all nodes because
it is easy to explain and useful as we described in Section
2. Please note that our algorithms presented later will still
work with straightforward revisions to deal with any func-
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tion that computes the total cost such as 
 � 4A#�$'&�(
�

as long
as the function satisfies “associativity” property.

We define heterogeneous assignment problem as fol-
lows:
Given



different FU types:

� �
,
� �

,
�����

,
� �

, a DFG

 0 � � 
 � 
 ���

where
�

=
� � � 
 � � 
 ������
 �  � , � $8� � ( 0

�." � $'&�( 
 " � $*&�( 
�������
 " � $'&�( � and 	 $8���A( =� 4 � $*&�( 
 4 � $*&�( 
 ������

4 � $'&�( � for each node ��� 1 �

, and a timing constraint
�

,
find an assignment for 
 such that the system cost is mini-
mized within

�
.

4 NP-Completeness

In this section, we prove heterogeneous assignment
problem is NP-complete. If there is no timing constraints,
the FU type with the minimum cost can be assigned to ev-
ery node to minimize the system cost. So the problem is
trivial. When adding a timing constraint, the problem be-
comes NP-complete.

In order to prove Theorem 4.1, we first define a decision
problem (DP) for heterogeneous assignment problem.

DP: Given a positive integer 	 , a positive integer
�

, the
number of resource types



and a DFG 
 0�� � 
 � 
 ���

, is
there an assignment for 
 with the



resource types such

that the execution time of 
�� � and the system cost of 
� 	 ?

Theorem 4.1. The decision problem of heterogeneous as-
signment problem is NP Complete.

In the proof, we will transform 0-1 Knapsack Problem
to our problem by setting 
 to be a simple path: � ���� ��� ������� �< and


 0	�
. 0-1 Knapsack Problem is

defined as follows.
0-1 Knapsack Problem: Given a set of items 
 0

�49 
�� 
������ 
 � �
in which for each item & 1	
 , � � 1�
�� is

its value and � � 1�
�� is its weight, and two given pos-
itive integers � and � , is there a subset � of 
 such that

 ����� � ��� � and 
 ����� � � ��� ?

Proof. It is obvious � �
belongs to NP. Assume 
 0

�49 
�� 
������ 
 � �
is an instance of 0-1 Knapsack Problem. Set
 0��

. Construct a simple path 
 0 ��� 
��	�
as follows.� 0 � � � 
 � � 
�������
 �  � where � � corresponds to item &

in 
 . Add � $8��� � � � � � ( into
�

for 9�� &�� $�� ; 9 ( .
Let �! #" ? be the maximum of � � in 
 . For each node��� 1 �

, � $*� �>( 0 � " � $*&�( 
 " � $*&�( � is obtained by " � $*&�( 0�$
and " � $*&�( 0 � � , and 	 $*����( 0 �54 � $'&�( 
 4 � $*&�( � is obtained
by 4 � $*&�( 0 �% &" ? and 4 � $'&�( 0 �% #" ? ;'� � . Let 	 0
� � �! #" ? ;(� and

� 0 � . Then, an instance of the
knapsack problem can be transformed correctly.

Since 0-1 Knapsack Problem is NP-complete and the
reduction can be done in polynomial time. DP is NP-
complete.

5 The Algorithms for Heterogeneous Assign-
ment Problem

In Section 4, we prove heterogeneous assignment prob-
lem is NP-complete. In this section, several algorithms are
proposed to solve this problem. When the given DFG is
a simple path or a tree, two algorithms are presented to
give the optimal solution. These algorithms are efficient in
practice though rigorously speaking they are pseudo poly-
nomial. To solve the general problem, two algorithms are
proposed.

5.1 An Efficient Algorithm for Simple Paths

An efficient algorithm, Path Assign, is proposed in this
section. It can give the optimal solution for heterogeneous
assignment problem when the given DFG is a simple path.
Assume the simple path in heterogeneous assignment prob-
lem is � �)� � �*� �����+� �! , Path Assign is shown in
Figure 4.

Input: , different types of FUs, a simple path, and the
timing constraint - .
Output: An optimal assignment for the simple path.

1. Associate an array .0/21 3547684:9;9<9=4�-?> to each node @A/CBED
and let .A/21 FG> store the minimum system cost of the path from@�H to @A/ with total execution time IJF . For 3KIJFLIM- ,.0NO1 FG>QP�R .
2. For STPE3 to U , compute .0/21 FG> ( FVP�354W684X9<9<9=4�- ) by:

.A/21 FY>ZP
[\ ] min HX^Z_?^=`bac.A/cdTHe1 FZfLg;_ZhiSXji>lk�mn_ohiSXj

if FZfLg<_ZhiS<jVp*qor�/GsohiSof�3tjGu�4
No feasible solution Otherwise

(1)

where, qor�/GsohiSAfv3tj is the minimum time needed to process
the path from @�H to @A/cdTH and qQr�/GsohGRwjxP�R .
3. .�yz1 -?> is the minimum system cost and the assignment can
be obtained by tracing how to reach to . y 1 -?> .

Figure 4. Algorithm Path Assign.

By induction, we can prove the optimal solution is ob-
tained by Algorithm Path Assign and {  %| �w} records the
minimum system cost of the whole path within the time
constraint

�
. We can record the corresponding FU type as-

signment of each node when computing the minimum sys-
tem cost in Step 2 in Algorithm Path Assign. Using this
information, we can get an optimal assignment by tracing
how to reach {! | ��} . An example is shown in Figure 5.

A simple path � �~� � �%� �+� is shown in Figure 5(a).
Assume there are 2 FU types,

�<�
and

���
, in the system.

The execution times and execution costs of nodes for dif-
ferent FU types are shown in Figure 5(b). When the timing
constraint is � time units, the computation procedure using
Algorithm Path Assign is shown in Figure 5(c). In Fig-
ure 5(c), the FU type assignment for each node is recorded
under { & | � } . The minimum system cost is � which is shown
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Figure 5. An example for a simple path with
2 FU types.

in { � | � } , and the assignment is
� � � � � 
�� � � � � , and� � � � � which is obtained by tracing how to reach { � | � } .

Starting from { � | � } , we know
� �

is assigned to � � and its
execution time " � $G� ( 0 �

which is shown in Figure 5(b).
Then we can get the index for { � | � } by subtracting " � $ � (
from

�
:
� ; " � $G� ( 0 � ; � 0��

. So we get to location{ � | � } , from which we can see
���

is assigned to � � and its
execution time " � $ � ( 0	�

. In the same way, we can find
out

���
is assigned to � � .

It takes 
 $ 
 ( to compute one value of {<� | � } where



is the number of FU types. Thus, the complexity of Al-
gorithm Path Assign is 
 $�� � � � � � 
 ( , where � � � is the
number of nodes and

�
is the given timing constraint. Usu-

ally, the execution time of each node is upper bounded by
a constant. So

�
equals 
 $
� � � � ( ( � is a constant). In this

case, Path Assign is polynomial.

5.2 An Efficient Algorithm For Trees

In this section, we propose an efficient algorithm,
Tree Assign, to produce the optimal solution for heteroge-
neous assignment problem when the given DFG is a tree.

A

B

C D

Figure 6. A given tree.

Define a root node to be a node without any parent and
a leaf node to be a node without any child. A post-ordering
for a tree is a linear ordering of all its nodes such that if
there is an edge � ���

in the tree, then
�

appears be-
fore � in the ordering. For example, �4	 
 � 
�� 
�� �

is a post-
ordering for the given tree in Figure 6. The pseudo polyno-
mial algorithm for trees, Tree Assign, is shown in Figure 7.

Input: , different types of FUs, a tree, and the timing
constraint - .
Output: An optimal assignment for the tree.

1. Add a pseudo node @�y�� H in D and set all 0’s for its
execution times and execution costs. For each root node@(B D , add an edge �?h @ y�� H�� @�j into � . Then @ y�� H is
only root node in � .
2. Post-order � and let D�P�a��oH54��! �4:9<9X9 4�� y 4"� y�� H:u be the
post-ordering node set. Without loss of generality, for each
node �w/ B(D , let q h#�w/Wj&P aYgtH5hiSXj�4cg$ �hiSXj�4cg$%�hiS<j�4�9<9<9=4Wgt` hiS<jGu
where g$&XhiS<j is the execution time of node � / for FU type '(& ;
and )�h#�O/<j)P a7m?H5hiS<j�47m* �hiS<j�4�9X9<9 4 ml` hiSXjGu where m & hiS<j is the
execution cost of node �w/ for FU type ' & .
3. Associate an array .A/;1 354X9<9;9x4�-?> to each node �w/ B D
and . / 1 FY> stores the minimum system cost of the subtree
rooted on �w/ with total execution time I F . . N 1 FG> P R forF=Pv354c6Z4X9<9<9=4�- .
4. For S~P 3 to U k�3 , compute .0/<1 FG> ( F P 354c6Z4X9<9<9=4�- ) as
follows:

.A/21 FG>ZP
[\ ] min HX^Q_5^ `zac. /,+ 1 FZfLg;_ZhiSXji>lk�mn_ZhiS<j

if FZf)g _ hiSXjVp�q r�/Gs h#� / jGu�4
No feasible solution Otherwise

(2)

where: qor�/Gsoh#�w/Xj is the minimum time needed to process the
subtree rooted on � / except � / . �.-/ is a pseudo node. As-
sume that �w/�/l4��w/10Z4:9<9<9=42�w/43 are all child nodes of node �w/
and 5 is the number of child nodes of node @0/ , then . /�+ 1 FY>
( F=PE3e476Z4X9<9<9=4�- ) is calculated as follows:

. /�+ 1 FY>QP
[\ ] R if 5#P�R.A/�/l1 FG> if 5#PE36 HX^87�^:9 .0/1;A1 FY> if 5 p�3 (3)

5. . y�� He1 -?> is the minimum system cost for � and the
corresponding assignment can be obtained by tracing how to
reach to . y�� He1 -?> .

Figure 7. Algorithm Tree Assign.

Following the post-ordering in Step 2, we can get�  �=< $ � � ( for each node
� � 1 �

by setting the minimum
execution time for each node and computing the longest
path from any leaf node to

� � . In equation 2, basically, we
select the minimum system cost from all possible system
costs caused by adding

� � into the subtree. By induction,
we can prove that {�� | � } ( 9�� & � � ) obtained by Algo-
rithm Tree Assign is the minimum system cost of the sub-
tree rooted on

� � with total execution time � � .
From equation 3, { �>+X| � } 0 $

if
� � has no child node and{ �>+X| � } 0 { � / | � } if

� � has only one child node
� � / . Thus, we
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don’t really need to compute {<� +:| � } in these cases. When
there is only one root node in a tree, we don’t need to add
a pseudo root node �  � � . Using these simplified meth-
ods, an example is shown in Figure 8 for the given tree in
Figure 6.
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Figure 8. An example for a tree with 2 FU
types.

Assume that there are 2 different FU types,
�<�

and
���

.
The post-ordering node set of the given tree and the cor-
responding execution times and execution costs are shown
in Figure 8(a) and Figure 8(b) respectively. The compu-
tation procedure using Algorithm Tree Assign is shown in
Figure 8(c) when the timing constraint is � time units. In
Figure 8(c), the FU type assignments are recorded below{ �5| � } . Node

� �
has two child nodes,

� �
and

� �
, so a pseudo

node
� � + is added and { � +X| � } 0 { � | � }�� { � | � } . When com-

puting {�� | � } , all possible system costs caused by adding
� �

are computed and the minimum cost is selected. For ex-
ample, to compute {�
 | � } , we first get " � $ � ( 0 9 
 4 � $ � ( 0� 
 " � $ � ( 0	�,
 4 � $ � ( 0 9 from the last row in Figure 8(b).
Then try all possible system costs: if

�<�
is assigned to� 
 , " � $ � ( 0 9 and 4 � $ � ( 0 � , then the system cost is{ � | � ; 9 }�� 4 � $ � ( 0 � � � 0 � ; if

���
is assigned to

� 
 ," � $ � ( 0 �
and 4 � $ � ( 0 9 , then the system cost becomes{ � | � ; � }�� 4 � | � } 0 � � 9 0 � . So the minimum cost{ 
=| � } 0 � and the assignment is

� � � � 
 . The assign-
ment for the DFG is

� � � � � 
�� � � � � 
�� � � � � 

and� � � � 
 , which is obtained by tracing how to reach { 
=| � }

using similar method in Section 5.1.

The complexity of Algorithm Tree Assign is 
 $�� � � �
�

�
 ( , where � � � is the number of nodes,
�

is the given time
constraint, and



is the number of FU types. When

�
equals 
 $�� � � ��( ( � is a constant) which is the general case
in practice, Algorithm Tree Assign is polynomial.

5.3 The Algorithms for DFGs

In this section, we propose two heuristics to solve the
general heterogeneous assignment problem based on Algo-
rithm Tree Assign. The basic idea is to get a tree from a
given DFG and then use Algorithm Tree Assign to solve it.
We first show some notations and definitions used in the
algorithms.

As defined in Section 5.2, for a DFG, a leaf node is a
node without any child and a root node is a node without
any parent. We define a critical path to be a path from a
root node to a leaf node. A common node is a node located
on more than one critical path. For example, in the DFG
shown in Figure 9, node

�
and

�
are root nodes; node

�
and � are leaf nodes; there are four critical paths:

� �
	 � � � �

,
� � 	 � � � � , ��� 	 � � � �

, and� � 	 � � � � ; and node 	 and � are common nodes.
To be a legal assignment for a DFG, the execution time for
any critical path should be less than or equal to the given
timing constraint.

��������������������
������
������

��������������������
��������������������

��������������������
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������
������
������

������
������
������
������

��������������������
������
������

A B

C

root node

D

E F

leaf node

common node

Figure 9. A DFG and its root, leaf and com-
mon nodes.

In order to use Algorithm Tree Assign to solve a general
problem, we need to obtain a tree from a DFG and this tree
should contain all critical paths of the DFG. So the solution
for the tree can satisfy the timing constraint for the DFG. A
critical path tree of a DFG is a tree that is extracted from
the DFG and contains all of its critical paths. Algorithm
DFG Expand ( Figure 10 ) is designed to obtain a critical
path tree for a given DFG.

Algorithm DFG Expand duplicates the common nodes
with multiple parent nodes in a DFG from the bottom up
based on the post-ordering. For each common node

�
with

multiple parent nodes, the subtree rooted by
�

is duplicated
and after duplication, each parent node is connected to one
copy of

�
such that each copy of

�
is on a unique path.

Therefore, all nodes that have been went through are in a
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Input: a DFG � .
Output: A tree ��� 9�P � D��>954���� 9�� .
1. ��� 9�P � .
2. Post-order all nodes in ��� 9 such that if there is an edge@ �	�%B#D��>9 , node � appears before @ in the order.
3. Go through all nodes of ��� 9 by post-ordering. On
visiting each node ��BKD , if � has � h	��
	3ej parent nodes,@�He4c@  �4�9<9;9x4W@0_ , do as follows:� Duplicate h	��f 3ej copies of the subtree rooted by � into ��� 9 .� For S�P 354W684X9<9<9=4
�bf�3 , remove the edge @ / � � from � � 9
and add one edge from @A/ to one of copies of � into ��� 9 such
that there is only one incoming edge for each copy of � .

Figure 10. Algorithm DFG Expand.

unique path. For the DFG shown in Figure 9, a critical
path tree obtained by Algorithm DFG Expand is shown in
Figure 11(a).

C

BA

C

BA

E F

D D

A B

CC

D

FE

D

FE

(a)

(b)

Figure 11. Two critical path trees for the DFG
in Figure 9.

Another way to obtain a critical path tree for a DFG is
to duplicate the subtree connecting to a common node with
multiple child nodes and connect each copy of the common
node to one child node from the top down. One example
using this method is shown in Figure 11(b). By running
Algorithm DFG Expand on the transpose of a given DFG,
we can get this kind of critical path tree with the reversed
directions of edges.

After obtaining a critical path tree from a DFG, we can
use Algorithm Tree Assign to get the optimal solution. In
this solution, the different copies of a duplicated node may
have different assignments in the critical path tree. So we
need to select an assignment. In our first heuristic, Algo-

Input:



different types of FUs, a DFG, and the timing
constraint

�
.

Output: An assignment for the DFG.

1. Let 
�� be the transpose of 
 . Let 
 ��� and

 ���� be the critical path trees obtained by running
Algorithm DFG Expand on 
 and 
�� respectively. If
� � $�
 ��� (,��� � � $�
����� (,� , then 
 �������

0 
 ��� ; otherwise

 �������

0 
����� , where � � $�
 (�� denotes the number of
nodes of 
 .
2. Run Algorithm Tree Assign on 
 ������� .
3. For each node

� 1 �
, if it has only one copy in


 ������� , set its assignment as the assignment in 
 ������� ;
otherwise, set its assignment as the assignment with
minimum execution time among all assignments of its
copies in 
 ������� .

Figure 12. Algorithm DFG Assign Once.

rithm DFG Assign Once, we select the assignment with
minimum execution time as the assignment of a duplicated
node. Algorithm DFG Assign Once is shown in Figure 12.

Using Algorithm DFG Assign Once, the less nodes a
critical path tree for a DFG has, the closer result to the op-
timal solution we can obtain. So we choose a critical path
tree with less nodes between 
 ������� and 
��������� , where

 ������� and 
��������� are critical path trees obtained from 

and 
 � respectively. We select the assignment with mini-
mum execution time as the assignment of a duplicated node
in such a way that this assignment can satisfy the timing
constraint for a DFG.

In Algorithm DFG Assign Once, when we fix the as-
signment of a duplicated node, we may reduce the execu-
tion costs of other nodes because all its copies now use
the minimum execution time. So in our second heuristic,
Algorithm DFG Assign Repeat, we repeatedly run Algo-
rithm Tree Assign and fix the assignment of one duplicated
node in each step. Algorithm DFG Assign Repeat is show
in Figure 13.

In Algorithm DFG Assign Repeat, in each step, we fix
the execution time and cost of one duplicated node based
on the assignment obtained by Algorithm Tree Assign.
Since the more copies a node has, the more paths in the
critical path tree it can influence. Thus, we sort the dupli-
cated nodes by the number of copies and fix the node with
greatest number of copies first. In such a way, when the
assignment of a duplicated node is fixed, we can reduce the
cost of other nodes as much as possible.

6 The Minimum Resource Scheduling and
Configuration

In this section, we propose minimum resource schedul-
ing algorithms to generate a schedule and a configura-
tion. We first propose Algorithm Lower Bound RC that

7



Input: , different types of FUs, a DFG, and the timing
constraint - .
Output: An assignment for the DFG.

1. For each node @0/ BMD , associate a boolean variable,,���� � h @T/<j , and set ,���� � h @A/<jxP � ���	� � .
2. Let � � be the transpose of � . Let ��� 9 and � �� 9 be the crit-
ical path trees obtained by running Algorithm DFG Expand
on � and � � respectively. If 
 D%h����>9ej�

��
 D%h�� �� 9 j�
 , then
��� 9����vP ��� 9 ; otherwise ��� 9����vP � �� 9 , where 
 D%h�� j�

denotes the number of nodes of � .
3. Let set D�� y record nodes in � that have more than one
copies in ��� 9���� . Sort D�� y by the number of copies such
that D�� y P � �QHe42�! w4�9;9<9 4"� s � in which )������ Uz@�� h#�oHej p
)������ Uz@�� h#�  j p 9X9<9 p )������ Uz@�� h#� s j where
)������ Uz@�� h#�O/<j denotes the number of copies of ��/ .
4. Run Algorithm Tree Assign on ��� 9���� .
5. for each node �w/+B#D�� y ( SAPE3 to 
 D�� y 
 ), do:� Set the assignment of � / as the assignment with minimum
execution time among all assignments of its copies in ��� 9���� .
Set ,���� �=h#�w/<jxP�q���@ � .� Fix its execution time and execution cost in ��� 9���� based on
this assignment. Run Algorithm Tree Assign on ��� 9���� .
6. For each node @A/�B�D , if ,���� � h#�Qj P � ��� � � , set its
assignment as the assignment of its copy in ��� 9���� .

Figure 13. Algorithm DFG Assign Repeat.

produces an initial configuration with low bound resource.
Then we propose Algorithm Min RC Scheduling that refine
the initial configuration and generate a schedule to satisfy
the timing constraint.

Algorithm Lower Bound RC is shown in Figure 14. In
the algorithm, it counts the total number of each FU type in
each control step in the ASAP and ALAP schedule, respec-
tively. Then the lower bound for each FU type is obtained
by the maximum value that is selected from the average
resource needed in each time period.

Using the lower bound of each FU as an initial config-
uration, Algorithm Min RC Scheduling (Figure 15) is pro-
posed to generate a schedule that satisfies the timing con-
straint and get the finial configuration. In the algorithm, we
first compute ALAP(

�
) for each node

�
, where ALAP(

�
) is

the schedule step of
�

in the ALAP schedule. Then we
use a revised list scheduling to perform scheduling. In
each scheduling step, we first schedule all nodes that have
reached to the deadline with additional resource if neces-
sary and then schedule all other nodes as many as possible
without increasing resource.

7 Experiments

In this section, we experiment with our algorithms on
a set of benchmarks including 4-stage lattice filter, 8-stage
lattice filter, voltera filter, differential equation solver, ellip-
tic filter and RLS-laguerre lattice filter. Among them, the
graphs for first three filters are trees and those for the others

Input: A DFG with FU assignments and timing constraint - .
Output: Lower bound for each FU type

1. Schedule the DFG by ASAP and ALAP scheduling,
respectively.
2. U"!�#$!�%Q1 SW> 1 FG>'& the total number of nodes with FU type F
and scheduled in step S in the ASAP schedule.
3. U"!�()!�%Q1 SW> 1 FG>'& the total number of nodes with FU type F
and scheduled in step S in the ALAP schedule.
4. for each FU type F ,-�* !�#+!�% 1 FY>,& max a y.-0/)-01�2 H 3 2 & 3H 4 y.-0/)-4152 H 3 2 & 3 �xy.-0/)-01�2  63 2 & 3 49<9;9=4 7 /�8�9�8�: y -0/;-01 2 _$3 2 & 3

( u
5. for each FU type F ,-�*�!�(;!�%o1 FY>�& max a y -0:)-41 2 (<3 2 & 3H 4 y -0:)-01 2 (<3 2 & 3 �=y -4:)-01 2 (;dTH	3 2 & 3 49<9;9=4 7 /�8�9�8�: y -0:;-01 2 (2do_ � H 3 2 &

( u
6. for each FU type F , its lower bound: -�*+1 FG>=&
maxa7-�*�!�#$!�%o1 FG>74�-�*�!�()!�%x1 FG> u .

Figure 14. Algorithm Lower Bound RC.

Input: A DFG with FU assignments, timing constraint - , and
an initial configuration.
Output: A schedule and a configuration.

1. For each node � in DFG, compute ALAP(v) that is
the schedule step of � in the ALAP schedule.
2. >"& 3 ;
3. Do ?� Ready List & all ready nodes;� For each node �*B Ready List, if ALAP(� )== > , schedule �
in step > with additional resource if necessary;� For each node �MB Ready list, schedule node � without
increasing current resource or schedule length;� Update Ready List and >@&A>zk�3 ;B

Until > 
�- ;

Figure 15. Algorithm Min RC Scheduling.

are DFGs. For the DFGs, differential equation solver and
RLS-laguerre filter have three duplicated nodes and elliptic
filter has 19 duplicated nodes, in which a duplicated node is
a node that has more than one copy in 
 ��C$D$D . Three differ-
ent FU types,

����
�����
����
, are used in the system, in which

a FU with type
���

is the quickest with the highest cost and
a FU with type

� �
is the slowest with the lowest cost. The

execution costs and times for each node are randomly as-
signed. For each benchmark, the first time constraint we
use is the minimum execution time. We compare our algo-
rithms with the greedy algorithm in [13].

The experimental results for 4-stage lattice filter, 8-
stage lattice file, and voltera filter, are shown in Ta-
ble 1. In the table, Column ”TC” presents the given
timing constraint. The system costs obtained from four
different algorithms: the greedy algorithm, Algorithm
Tree Assign, Algorithm DFG Assign Once, and Algorithm
DFG Assign Repeat, are presented in Column “Greedy”,

8



Greedy Tree Assign, DFG Assign Once
TC (from [13]) DFG Assign Repeat

cost cost % Configuration
4-stage Lattice Filter

31 286 191 33.2% 3 � H 2 �  8 � %
35 210 159 24.3% 1 � H 4 �  7 � %
40 201 149 25.9% 2 � H 2 �  8 � %
45 192 140 27.1% 2 � H 1 �  5 � %
50 189 133 29.6% 1 � H 2 �  4 � %
55 184 126 31.5% 1 � H 2 �  4 � %
Average Reduction (%) – 28.6 –

8-stage Lattice Filter
55 490 325 33.7% 2 � H 2 �  9 � %
60 369 291 21.1% 1 � H 3 �  9 � %
65 350 273 22.0% 2 � H 2 �  8 � %
70 340 252 25.9% 1 � H 3 �  8 � %
75 329 237 28.0% 1 � H 2 �  8 � %
80 323 226 30.0% 1 � H 2 �  8 � %
Average Reduction (%) – 26.8 –

Voltera Filter
37 324 243 25.0% 4 � H 3 �  5 � %
40 324 214 34.0% 3 � H 2 �  7 � %
45 233 191 18.0% 1 � H 4 �  5 � %
50 219 175 20.1% 3 � H 2 �  7 � %
55 211 155 26.5% 1 � H 3 �  6 � %
60 209 145 30.6% 1 � H 2 �  6 � %
Average Reduction (%) – 25.7 –

Table 1. Comparison of the system costs
for 4-stage lattice filter, 8-stage lattice filter,
and voltera filter when the timing constraint
varies.

Column “Tree Assign”, Column “DFG Assign Once”,
and Column“DFG Assign Repeat”, respectively. Col-
umn “Configuration” shows a feasible configuration cor-
responding to the assignment obtained by Algorithm
Tree Assign, in which “ - � ��� - � ��� - � ���

” means- � FUs with
� �

, - � FUs with
� �

, and - � FUs with� �
are used. The greedy algorithm is implemented

based on the idea in [13]. Since these benchmarks are
represented by trees, the optimal system costs are ob-
tained by Algorithm Tree Assign. The experimental re-
sults show Algorithm DFG Assign Once and Algorithm
DFG Assign Repeat give the same results as Algorithm
Tree Assign. Column “%” shows the percentage of reduc-
tion on system cost, comparing the optimal results with
those obtained by the greedy algorithm. The average per-
centage reduction is shown in the last row of each bench-
mark.

The experimental results for differential equation
solver, RLS-laguerre lattice filter and elliptic filter, are
shown in Table 2. In the table, Column “cost” presents
the system cost obtained from 3 different algorithms:
the greedy algorithm (Field “Greedy”), Algorithm
DFG Assign Once(Field “DFG Assign Once”), and Algo-
rithm DFG Assign Repeat (Field “DFG Assign Repeat”).
Column “%” under “DFG Assign Once” and
“DFG Assign Repeat” presents the percentage of re-
duction on system cost compared to the greedy algorithm.

Greedy DFG Assign Once DFG Assign Repeat
TC (from [13])

cost cost % cost % Configuration

Differential Equation Solver
21 132 111 15.9 111 15.9 2 � H 1 �  2 � %
25 128 101 21.1 97 24.2 2 � H 3 �  3 � %
30 91 81 11.0 81 11.0 2 � H 2 �  2 � %
35 74 60 18.9 60 18.9 2 � H 2 �  2 � %
40 74 45 39.2 45 39.2 1 � H 2 �  3 � %
45 74 40 45.9 40 45.9 0 � H 1 �  4 � %
Average Reduction (%) 25.3 – 25.9 –

RLS-laguerre Lattice Filter
23 204 157 23.0 155 24.0 1 � H 3 �  5 � %
25 188 141 25.0 139 26.1 1 � H 3 �  6 � %
30 156 117 25.0 117 25.0 1 � H 1 �  6 � %
35 137 122 10.9 104 24.1 1 � H 1 �  6 � %
40 112 101 9.8 98 12.5 1 � H 1 �  6 � %
45 98 93 5.1 92 6.1 0 � H 1 �  4 � %
Average Reduction (%) 16.5 – 19.6 –

Elliptic Filter
57 399 378 5.3 318 20.3 3 � H 3 �  3 � %
60 395 350 11.4 288 27.1 2 � H 3 �  4 � %
65 371 309 16.7 247 33.4 2 � H 3 �  3 � %
70 328 278 15.2 229 30.2 2 � H 4 �  3 � %
75 296 249 15.9 224 24.3 2 � H 3 �  3 � %
80 293 236 19.5 208 29.0 2 � H 3 �  3 � %
Average Reduction (%) 14.0 – 27.4 –

Table 2. Comparison of the system costs for
differential equation solver, RLS-laguerre lat-
tice filter and elliptic filter when the timing
constraint varies.

Column “Configuration” under “DFG Assign Repeat”
shows the configuration corresponding to the assignment
obtained by Algorithm DFG Assign Repeat.

Through the experimental results from Table 1-2, we
found that our heuristics based on the optimal solution for
trees have better performance compared with the greedy al-
gorithm. On average, Algorithm DFG Assign Once gives
a reduction of 22.8% and Algorithm DFG Assign Repeat
gives a reduction of 25.7% on system cost comapred
to the greedy algorithm. When the given DFG is a
tree, both Algorithm DFG Assign Once and Algorithm
DFG Assign Repeat give the optimal solution. In Dif-
ferential equation solver and RLS-lagueree lattice filter,
the number of duplicated nodes is small, so Algorithm
DFG Assign Once and Algorithm DFG Assign Repeat
give the similar results. In elliptic filter, the num-
ber of duplicated nodes is relatively big, so Algorithm
DFG Assign Repeat gives better results than Algorithm
DFG Assign Once.

8 Conclusion

We have proposed a two-phase approach for real-time
digital signal processing (DSP) applications to perform
high-level synthesis of special purpose architectures us-
ing heterogeneous functional units. In the first phase, we
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solved heterogeneous assignment problem, i.e., how to as-
sign a proper FU type to a DSP application such that the
total cost can be minimized while the timing constraint is
satisfied. In the second phase, we proposed a minimum re-
source scheduling algorithm to generate a schedule and a
feasible configuration that uses as little resource as pos-
sible. We proved heterogeneous assignment problem is
NP-complete. When the given DFG is a simple path or
a tree, we presented two efficient algorithms, Algorithm
Path Assign and Algorithm Tree Assign, to give the op-
timal solutions respectively. To solve the general prob-
lem, two algorithms, Algorithm DFG Assign Once and
Algorithm DFG Assign Repeat, are proposed. Algorithm
DFG Assign Repeat is the best especially when the input
graph is large.
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